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Outline of the talk 

• Problem statement 
• Kinematic Analysis of convected particle domain interpolation 

method (CPDI ) 
• Multi Point Query Interpolator (MPQ) 
• Conclusions 
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Kinematics: Motivation 
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Simple 1D detonation simulation in Uintah software showed that 
particles that have been converted from solid to gas have very 
different values of F depending on the interpolation scheme used. 

F 

Explosive 

= Aluminum flier 

0.259 cm 

X axis 

0.284 cm 

Position (cm) Picture by Professor  Guilkey 

Presenter
Presentation Notes
Deformation gradient for a simple 1D blast simulation using different interpolators.  Detonation starts at the left side of the explosive and  an detonation wave sweeps
through the explosive charge. There is an aluminum flier on the right that it is hit by the wave and is free to move. The gas resulted from the explosion expands both towards the right and left. Initial domain 0.284cm (explosive + Flier).
Interpolators: GIMP,CPDI and Frozen CPDI are known. 
F Frozen CPDI, Cent. Diff = Freezing CPDI code but the deformation gradient is determined by the separation distance between the two neighboring particles divided by their initial separation distance.
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 1D Analysis of Deformation Gradient  
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• Central difference 
 
 
 

 
 
• CPDI 
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Presenter
Presentation Notes
We have a simple grid with tow background cells with nodes labeled as  i-1,i,i+1 and three particles labeled with the letter x and corners label with letter c.
Here we have the expressions of the deformation gradient for particle p in terms of velocity of the background nodes . S are the shape functions of the background grid and they can be considered as weight functions of the contribution
Of the velocity of the background nodes to the update of the deformation gradient.
Down below, the same expression but using CPDI. Notice how different are the weights associated to the background nodes velocities.
How different the weights associated to the background nodes velocities.  
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Kinematics: Problem statement 
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• Current algorithms for updating the deformation gradient 
produce results that are often grossly inconsistent with the 
update of particle positions. 
• Problems involving very large  and rapidly changing 

velocity gradients. 
• Implementation of Boundary conditions. 

 

Presenter
Presentation Notes
 large and rapidly changing velocity gradients (common in blast and penetration applications) appear to exacerbate discrepancies in the kinematics updates
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 Large and rapidly changing velocity gradients 
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v 

x 

time t 

t+∆t            SPQ 

t+∆t Real displacement 

             Proposed MPQ t+∆t 

Presenter
Presentation Notes
In SPQ (ie CPDI with single point query),  the position of the particle’s center is updated using weighted background grid velocities. The weights are the average of the background grid’s shape functions evaluated at the particle’s corners. Then, deformation gradient is updated using the gradient of the velocity. Because the deformation gradient is considered to be uniform within a particle domain, this cause an error in the update of particle corners
In the proposed MPQ, velocity of particle center is updated as in SPQ but we do not determined the velocity gradient
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Validation: Method of manufactured solutions 

 Verification of a numerical solver for some PDE. 

 You manufacture an arbitrary solution for the PDE. 

 The solution is substitute back into the PDE along with 

consistent initial and boundary conditions to determine 

analytically a forcing function. 

 This forcing function reproduces exactly the manufactured 

solution. 

 The forcing function is used in the numerical solver and the 

solution is compared with the manufactured solution. 
 
 

Presenter
Presentation Notes
A well-respected code verification process (the method of manufactured solutions) is used to quantify the effectiveness of the new interpolator versus predecessor methods, now referred to as Single-Point Query (SPQ) updates.
You have a time varying displacement field constructed. From the given displacement field you can obtain acceleration by differentiating twice, deformation gradients and strains. From the constitutive model, you can obtain analytically stresses. 
Your forcing functions are the analytically determined body forces and also boundary tractions. By taking the divergence of the analytically determined stress field that goes with your manufactured solution, you can ultimately use the momentum equation to solve for the body force field.
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Validation: 1D Adiabatic Gas Expansion  
• Time varying constructed displacement field  

u tX= β

• Deformation gradient, acceleration and velocity 

P b a
x

∂
− +ρ = ρ
∂

x X u= +

( )0 ATMP P F P−γ= −

1xF t
X
∂

= = +β
∂

• Governing equation and constitutive model 

0a u= =

• Body forces 
1 0Pb

x
∂

= =
ρ ∂

xv X
t
∂

= = β
∂

Presenter
Presentation Notes
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Analysis of SPQ 

0 0 0 0 0
ext int 0 0

i ii i im a f f a= + = ⇒ =
1 0 0 0
i i i iv v a t v= + ∆ =

1 0 0 0 MSp p ip i p
i

v v a t vφ= + ∆ = =∑
 Interpolation to the particles 

Background nodes 

Inner Cell Boundary Cell Boundary Cell 
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Analysis of SPQ Background nodes 

Inner Cell Boundary Cell Boundary Cell 

 Interpolation to the particles in boundary cells 

1 1 1 1
1 2 5 6

5 MS= 
8p p p pv v v v β β∇ = ∇ = ∇ = ∇ = ≠ Error of 37.5% 

 Interpolation to the particles in inner cell 
1 1 1 1

1 2 5 6
5 MS= 
8p p p pv v v v β β∇ = ∇ = ∇ = ∇ = ≠ No Error 
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Analysis of SPQ Background nodes 

Inner Cell Boundary Cell Boundary Cell 

i
n 1 n 1

pp i
i

v v+ +∇ ∇φ=∑ Lack of Symmetry in Boundary Cells 

n 1 n 1n 1 n 0n 1
p p p pp p pF (1 t)F (1 t)(1 t)...(v ) Fv 1 tv v+ ++ = + ∆ = + ∆ + ∆ ∆∇ ∇ ∇ ∇+

• Update of stresses      depends on updates of F. σ

0 ATMP F Pσ = −
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Analysis of SPQ 

50000 times steps 

10000β =
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Analysis of SPQ 

50000 times steps 

10000β =
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Analysis of SPQ 

50000 times steps 



http://csm.mech.utah.edu 

15 

Analysis of SPQ 

50000 times steps 
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Analysis of SPQ 

49999 times steps 
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Analysis of SPQ 
• Updates of position and velocity of particles are not 

consistent with updates of deformation gradients. 
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Effects of increasing the velocity gradient 

610β =

12500 times steps 

Presenter
Presentation Notes
Errors of 50% in the deformation gradient after 1000 time steps
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Effects of increasing the velocity gradient 

610β =
12500 times steps 
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Effects of increasing the velocity gradient 

610β =
12500 times steps 

Presenter
Presentation Notes
Errors of 50% in the deformation gradient after 1000 time steps
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Effects of increasing the velocity gradient 

610β =
12500 times steps 

Presenter
Presentation Notes
Errors of 50% in the deformation gradient after 1000 time steps



http://csm.mech.utah.edu 

22 

Discrepancies between velocity, position and  
deformation gradient of particles 

 
• Condition for not separation of adjacent domains of particles 

( )n n n n
p 1 p p 1 p 0x x F F r+ +− = +



http://csm.mech.utah.edu 

23 

Discrepancies between velocity, position and  
deformation gradient of particles 

 
• At large velocity gradients, domains of particles start  

separating from each other? 
( )n n n n

p 1 p p 1 p 0x x F F r+ + +≠−

( ) ( )n n n n
p 1 p x error p 1 p 0 F errortrue true

x x F F r+ +− + δ = + + δ

?

x error F errorδ = δ
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Effects of increasing the velocity gradient 

610β =
12500 times steps 

Presenter
Presentation Notes
Errors of 50% in the deformation gradient after 1000 time steps
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Algorithm of Multi Point Query (MPQ) 

Interpolate  position and velocity  from nodes to particle’s corners 

1 1

1 1

n n
pc i i
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v v
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= φ
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∑

Multi Point Query Method (MPQ) 

Presenter
Presentation Notes
The contribution of all the nodes to the particle corners are not shown in the graph. Otherwise, it would be too many arrows 
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Algorithm of Multi Point Query (MPQ) 

Update deformation gradient 

n 1
n 1
p
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2rF
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Initial length of particle’s domain 02r
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610β =
12500 times steps 
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610β =
12500 times steps 
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Implementation of artificial cells 

   Boundary Cell               Interior Cells 
Time=0 

Artificial Cell 

• Velocity of particles in the artificial cell are extrapolated 
from particles in the boundary cell at time 0 

• Solve the lack of symmetry for  ip∇φ

Presenter
Presentation Notes
Animation used:
1- First slide shows the diagram of a particle domain and background boundary and interior cells at time 0
Boundary traction is applied to the corner of the particle
2- Introduce an artificial cell with particles at time =0. Notice that boundary conditions are not changed nor moved!!!!
Velocity of particles in the artificial cell are extrapolated from particles in the boundary cell at time 0
Then their kinematics for next time steps are updated as any other particle from the MPQ algorithm and the background nodes. This is much simple than having to extrapolate at each time step, the velocity, deformation gradients …. 
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610β =
12500 times steps 

MPQ: Implemented Artificial Cells 
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610β =
12500 times steps 

SPQ: Artificial cells implemented 
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MPQ: Artificial cells implemented 

610β =
12500 times steps 

02r 1=



http://csm.mech.utah.edu 

33 

Kinematics: Conclusions 
• SPQ: 

• Error in the update of deformation gradient: 
• Introduce through  
• Products of errors over time. 

• Update of stress through constitutive model: 
Depends on sensitivity  to deformation gradient. 
 

• MPM: 
• Central difference scheme to update 

deformation gradient. 
• F is consistent with the Manufactured 

solution. 
• F shows no discrepancies with updates of 

position and velocity of particles. 
• Artificial cells  
. 

 
 

ip∇φ
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THANK YOU 
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Simulations: Deformation Gradient 

1
Boundary Particles

51
8

F t= + β1
Manufactured Solution 1F t= +β

Presenter
Presentation Notes
Deformation gradient has a numerical error in the boundary particles (particles that are in the cell where boundary conditions are applied)
 and it propagates towards the interior cells.  At time 0, there are 2 particles in the boundary cell. Errors are about 27.5% for the particles at edges and the 10.2% for the next particle.
Analysis show that the deformation gradient of boundary particles at time step 1 has already an error compare with the manufacture solutions.  Deformation gradient of particles in the interior cells do not have an error (match the manufactured solution).  The  analytical expression for F is given in the slide. 
Beta = 10000 in the sims, so velocity gradient is 10000
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Algorithm of Multi Point Query (MPQ) 

Map velocity and mass from particles  center to nodes 
Map internal and external forces from particle’s domain to nodes 

n
i ip p
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n
ip p p

pn
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= φ

φ
=

∑

∑

Presenter
Presentation Notes
In the next5 slides, the MPQ algorithm is explained graphically. Equations are added from completion but they can be omitted.
Black dot is the particle center and red dots are the background nodes. 
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Algorithm of Multi Point Query (MPQ) 

Solve for acceleration of nodes and update velocity of nodes 

int ext
i in

i
i

f fa
m
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= 1n n n
i i iv v a t+ = + ∆
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Algorithm of Multi Point Query (MPQ) 

Update position and velocity of particle center ( same as SPQ) 
Update stress using constitutive model 

1

1 1
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Simulations: Deformation Gradient 

Presenter
Presentation Notes
With the artificial boundary cell, the error is reduced substantially. Now the errors in the two particles on the left are 0.27% and 0.45%. With no artificial boundary, the error are 27.5% and 10.2%. 
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Simulations: Velocity at the center of particles 

Presenter
Presentation Notes
Velocity profile with artificial boundary
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Simulations: Position at the center of particles 

Presenter
Presentation Notes
Position at center with artificial boundary
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