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ABSTRACT

Return mapping algorithms are probably the most popular means of numerically solving
conventional plasticity equations. However, numerous unfortunate misconceptions regard-
ing the geometrical aspects of stress space and return algorithms will be addressed. The
basic tenets of these techniques are here rigorously justified and interpreted geometrically
in 6D stress space. For any return algorithm, the first step is to tentatively assume elastic
behavior throughout a given time step. If the resulting “trial” stress is forbidden (i.e. if it vio-
lates the yield condition), then the tentative assumption of elastic response is rejected. Even
when it is found to violate the yield condition, the trial stress is nevertheless useful because
it can then be projected back to the plastic yield surface to give the updated stress. Return
algorithms are often wrongly regarded as numerical “tricks” because they appear to be ad
hoc means of keeping the stress on the yield surface. It is natural to inquire whether other
approaches might be more accurate for the same computational cost, but it is shown here
that return methods are rigorously justifiable and appear to correspond to optimal numeri-
cal accuracy and efficiency. It is shown that issues such as plastic stability, dissipation, and
convexity dictate appropriate choices for the quantities that are presumed known in the der-
ivation of return algorithms; it is not the return algorithm per se that addresses such physi-
cal concerns. Code users and even many model developers often seem to believe (in error)
that the method used to return the stress to the yield surface becomes inconsequential as the
time step is reduced. However, it is proved that the correct return direction is dictated by the
governing equations, and any other return direction will converge, but not to the correct
solution of the governing equations. Furthermore, the correct return direction is not aligned
with the plastic strain rate except under certain conditions. Consequently, normality of the
plastic strain rate does not necessarily correspond to normality of the return direction, and
vice versa. These claims are proved first in the context of stationary yield surfaces and then
generalized to permit hardening or softening. This technical note is intended to provide
nothing more than geometrical insight into known results.

The direction used to return to the yield surface really matters!

Before launching into details of the theory of return algorithms, a motiva-
tional discussion is essential. Plasticity algorithms are just one instance of a
larger class of material models in which the behavior of a material is pre-
sumed to change markedly once the stress reaches a critical value. In the field
of plasticity, the set of stresses marking the transition boundary is called the
yield surface. For non-hardening plasticity, the stress must be constrained to
always fall either within the yield surface or on the yield surface. Typically,
numerical solutions of the plasticity equations tentatively assume that the
entire time increment is purely elastic. If the predicted “trial” updated stress
is found to fall outside the yield surface, then the numerical algorithm recog-
nizes that the tentative assumption of elasticity must have been wrong. At
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that point, classical return algorithms assert that the correct updated stress
can be obtained by simply projecting the inadmissible trial stress back to the
yield surface. One goal of this report is to rigorously justify this approach.

< o

Figure 1. An illustration of return algorithms. The stress state alternates between the
trial stress (lying outside the yield surface) and the final predicted stress (lying on the yield
surface). The dots in the top set of figures show how the predicted stress moves along the
yield surface with successive time steps when the projection back to the yield surface is ob-
lique. The left side shows the result of a large time step and the right side shows the result
of a refined time step. Because this illustration uses a flat yield surface, the final results
are identical for both coarse and large steps (infinite convergence rate). The bottom set of
figures shows the same solution procedure using a different projection direction. Even
though both procedures have infinite convergence rates, their final solutions for the stress
state differ. Consequently, even though both procedures converge, at least one of them
must be converging to the wrong result.

Intuitively, it's easy to see that, if the stress state at the beginning of a time
interval lies on the yield surface, then the prediction for the projected updated
stress at the end of the interval will be the same in the limit as the time step
goes to zero. Unfortunately, many researchers wrongly conclude that the
direction used to project back to the yield surface is therefore inconsequential.
Fig. 1 shows a sketch that illustrates the fallacy of this assertion by using a
counterexample of a flat yield surface with a constant applied strain rate. The
top three drawings in that figure show how the predicted stress moves along
the yield surface for successively smaller time steps, with the total number of
time steps being increased appropriately to ensure that the problem end time
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is the same in all three cases. The bottom three drawings show how the stress
would progress for a different return direction. The two approaches clearly
predict different results for the final updated stress. In other words, even
though both approaches predict identical paths in stress space, these paths
are traced at different rates. Consequently, even though both solutions are
converging, at least one of them is converging to the wrong result. The errone-
ous solution must be solving the governing differential equations incorrectly
because it is predicting the wrong result for how stress varies with time. If the
prediction of stress through time is wrong, then any finite element code that
uses the model will be using the right stresses at the wrong time, which would
lead to erroneous solutions to the time-dependent field equations.

So what is the right direction to return to the yield surface? Many
researchers believe that the direction to return to the yield surface should be
parallel to the direction of the plastic strain rate. While this is true in some
cases, this report will show that it is not true in general — especially not if the
yield surface is pressure sensitive (as is the case, for example, with porous
media). Researchers operating under the false assumption that the return
direction should be parallel to the plastic strain rate often end up wrongly con-
cluding that they need to use a non-associated (i.e., non-normal) plastic flow
direction in order to match observed data.

As will be discussed in this report, another source for erroneous conclu-
sions that a flow law must be non-associated arises when researchers plot the
yield function in the space of equivalent shear stress versus pressure. This 2D
stress space is not isomorphic to 6D tensor stress space, and therefore the
angle between the yield surface and the return direction must be different in
the two spaces. A “nearest point” return direction (i.e., one for which the
return direction is normal to the yield surface) in 6D stress space will appear
to be oblique in the 2D space of equivalent shear stress versus pressure, which
leads some researchers to wrongly assess the obliqueness (or lack of oblique-
ness) of their plastic strain rate.

A final source of “phantom obliqueness” arises when the elastic response is
coupled to the plastic response, as is the case for porous plasticity models that
permit the elastic moduli to stiffen in response to plastic pore collapse. As will
be discussed in this report, elastic plastic coupling results in a change in the
uniquely required return direction. For porous plasticity models, this change
in return direction is such that the isotropic part of the return direction must
be smaller than it would be if no elastic-plastic coupling were present. Again,
this result is sometimes wrongly interpreted by researchers as evidence that a
normal plastic flow direction over-predicts the plastic dilatation.
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Notation

The geometrical interpretation of plastic return algorithms is most appar-
ent when presented in symbolic Gibbs notation (also known as “direct” nota-
tion). Throughout this document, the number of underlines beneath a symbol
indicates the tensorial order of that variable. Hence, for example, s would be a
scalar, y a vector, A a second-order tensor, and E a fourth-order tensor.
Unless otherwise indicated, the term “tensor” will be taken to mean “second-
order tensor.”

Understanding radial and oblique return algorithms demands a prerequi-
site understanding that second-order tensors are themselves first-order vec-
tors in 9-dimensional space. The set of all symmetric tensors is a 6-
dimensional vector subspace, which (in plasticity literature) is misleadingly
called “stress space” even though it is well-defined for all other symmetric ten-
sors such as strain. The concept of a “subspace of 9-D tensor space” is analo-
gous to a “plane” that passes through the origin in ordinary 3-D space. Any
linear combination of vectors in such a plane is itself in the plane.* Mathemat-
ically, a set forms a subspace if any linear combination of members of that set
Is itself a member of the set. Symmetric tensors form a subspace because any
linear combination of symmetric tensors is itself symmetric. The set of all
orthogonal tensors is not a subspace because the sum of two orthogonal ten-
sors is not generally orthogonal.

Any vector operation that is defined for ordinary vectors in 3D space has
an analogous operation that is defined for tensors. The geometrical interpreta-
tions are identical. For ordinary vectors in 3D space, the single “dot” product
between two vectors, a and b, is defined

3
asb = a;b;+ab,+azbs = Z a;b;. 1)
i=1

Note that components of a are simply multiplied by corresponding compo-
nents of b. Visualizing second-order tensors as nine-dimensional vectors, the
analogous tensor inner product between two tensors, A and B, is defined

AB = ApBytApBp+ AiBas

+ Ay Bor+ ApBor + AxBys

+ AyBay+ ApBaypt+ ApBay

= 3 3 Ay @

*This property iswhy we added the proviso that the plane must pass through the origin.
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The magnitude of a 3D vector a is defined ./a * a. Similarly, the magnitude of
a tensor A is defined [A:A. Two vectors, @ and b, are perpendicular if
a+b = 0. Similarly, two tensors, A and B, are said to be perpendicular if
A:B = 0. When we say that a tensor A is in the “direction” of some other ten-
sor B, we mean that they are “proportional.” In other words, A=yB for some
scalar multiplier y. Plasticity interpretations draw heavily on the concept that
tensor proportionality is just like vector coaxiality.

Incidentally, it's important to apply the full nine-dimensional tensor inner
product formula even when working in six-dimensional symmetric tensor
space. If A and B happen to be symmetric, then Eq. (2) reduces to

AIB = A Byt ApBot AggBagg+ 2(ApBogt+ Ag By + ApByy) ®3)

Note that the off-diagonal components contribute twice. Appendix __ explains
why the tensor-vector analog only seems to be breaking down in this case, and
that appendix shows how to recover the intuitive analog by a change of basis.
The bottom line is that the operation A:B remains geometrically analogous to
the vector dot product even in symmetric tensor space, even though the alge-
braic definition might seem to be different (see Appendix _ ).

In 3D space, the operation y = A< x represents a linear transformation

from the vector x to a new vector y. The indicial form of this operation is

3
yi = Z AjjX; - (4)

i=1
The summation occurs over every component of x. Analogously, the opera-
tion Y = EXX represents a linear transformation from the tensor X to a

new tensor Y . The indicial form of this operation is

3 3
Yi= > Y EijXu- ()
k=11=1
Analogous to Eq. (4), the summation occurs over every component of X .
Linear tensor transformations of the form Y = g: X play a pivotal role in
material modeling. After all, what is a material model? It is a rule by which
you start with one tensor (e.g., the strain) as input and compute some other
tensor (e.g. stress) as output of the model. Thus, a constitutive model is a
transformation taking tensors to tensors. By why should linear transforma-
tions be so important? Any experimentalist will tell you that most materials
behave in a nonlinear fashion. The answer is that a nonlinear function
becomes linear in rate form. Consider, for example, the most general expres-
sion for nonlinear elasticity: namely, the stress g is presumed to be a nonlin-
ear function of the strain ¢:
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(6)
Applying the chain rule to take the time rate gives

dcrij _ aoij dsij -
dt  dg,, dt

or, in direct notation,
g = E:g, where E.. =(—)Eu (8)
~ g'ns’ Ijkl_askl

The stiffness tensor E depends on the strain, but not on the strain rate.
Therefore, nonlinear eﬁasticity is always linear when expressed in rate form.
We will later see that the set of equations governing nonlinear plasticity
becomes linear in rate form, which permits us to solve for the rates. Thus, for
numerical calculations, if the state is known at the beginning of a computa-
tional step, then knowing the rates permits us to predict the state at the end
of the step.
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Projection operations

Our goal is to demonstrate that equations of plasticity can be rearranged
in a form that leads to a radial or oblique return algorithm. To interpret the
solution geometrically, it is important to review the theory of orthogonal and
oblique projection operators (also known as “idempotent” transformations).
Ultimately, this theory will be applied in 6D stress space, but the geometric
concepts will be introduced here using ordinary vectors in 3D space.

Orthogonal (high noon) projections. As
sketched in Fig. 2, any vector x can be pro-
jected onto a plane with unit normal n by
using the formula

p=x-n(n-x). (9)

~

This operation is called an orthogonal pro-
jection because the projected vector p repre- Plane perpendicular to n
sents the “shadow” cast by x onto the plane 1
perpendicular to n when the light rays are Figure 2. Orthogonal projection
coaxial with n. (Note: the term “coaxial” The path to the plane is the

here means aligned, but not necessarily of ~ shortestdistance.

the same directional sense.)

Obligue (afternoon) projections. As
sketched in Fig. 3, a more general kind of
projection allows the “light rays” to intersect
the plane at an oblique angle. This kind of
projection can be characterized via two vec-
tors @ and b. Any vector b that is perpen-
dicular to the plane can be used to define the
plane’s orientation. The direction of the
“light rays” can be characterized by any vec- ,
tor a parallel to the light. Note that the  Figure 3. Oblique projection. The
) ) ) path obliquely intersects the plane.
magnitudes of @ and b are inconsequential
since only the orientations of those vectors carry relevant information. Of
course, one can always demand that these vectors be unit vectors, but this is
not necessary and often not convenient. As before, we seek an expression for
the vector p that is the projection of x onto the plane. This time, however, we
want the projection direction aligned with the vector a. Referring to Fig. 3, we
can see that there must exist a scalar multiplier n such that the vector x can
be written

[

Plane perpendicular to b

X = p+na, (10)
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To find the value of n, we impose the condition that the vector p must lie in
the plane. In other words, b+ p must be zero to make p perpendicular to b.
Dotting both sides of Eq. (10) by b (and setting b p = 0) gives

bex =0+n(b+a). (11)

Solving for n and substituting the result back into (10) gives the desired for-
mula for the oblique projection:

p = P(x),where P(x) = x— (12)

Naturally, Eqg. (9) is a special case of the more general Eq. (12), obtained by
choosing a=b=n. In other words, the projection is orthogonal only if g is pro-
portional to b. The projector operator P in Eq. (12) is homogeneous of degree
zero with respect to a and/or b. (i.e., multiplying either of these vectors by
any nonzero scalar does not affect the formula). This property does not mean
that the projection formula depends on only the angle between a and b. The
scaling property simply implies that the formula is independent of the magni-
tudes and senses of g and b.”

Figure (4) shows two vectors, x and y, that X4
fall on the line defined by a. More precisely, for ]
some scalar 3, Y

X =y+pBa. (13)

As seen in the sketch (or as verified by direct
substitution into Eqg. (12)),

(x)=P(y)
P(x)=P(y). (14) , By
. Figure 4. Projections of two
Conversely, if (14) holds, then so does (13). vegtor's on the I%ne defined by a.

Interpreted more geometrically, if two vec-
tors have the same “shadow,” then those they must differ from each other by
some vector parallel to the “light rays.”

* |f desired, a and b can be scaled suchthat a« b=1. If thisisdone, a and b would then be called
“dual” vectors and the component form of Eq. (12) would take a particularly simple form when
expressed using a nonorthogonal basishaving g, = a and g! = b. Namely P(x) = x292+x393.
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Analog of projections for tensors. For second-order tensors, the analog of

Eq. (12) is the similarly-interpreted fourth-order oblique projection operation

A(B:X)
A:B

~ ~

P(X) = X- (15)
As for the projection in 3-space, this operation represents a linear oblique pro-
jection in tensor space. The “surface” to which X is projected is orthogonal to
B and the oblique projection direction is aligned with A. This projection func-
tion can be readily verified to have the following properties:

P(aX) = aP(X) for all scalars a. (16)
P(X+Y) = P(X)+P(Y) forall X and Y. (17)
P(P(X)) = P(X). (18)

The first two properties simply indicate that the projection operation is linear.
The last property says that projecting a tensor that has already been projected
merely gives the tensor back unchanged.

Finally, the analog of Egs. (13) and (14) is the important identity that
P(X) = P(Y) ifandonly if X =Y +BA. (19)

When we later encounter projection operations in the solution of plasticity
equations, the tensor B will be the gradient of the yield function. Conse-
quently, B will be normal to the yield surface in stress space. In the numerical
plasticity solution, the operand X in Eq. (15) will be the trial elastic stress,
and the result P(X) will be the actual updated stress, projected back to the
yield surface. We will find that the tensor A will depend in a particular man-
ner on the elastic stiffness and the plastic flow rule, and it cannot therefore be
chosen at will. The tensor A will not generally be parallel to the yield surface
normal B. Consequently, we will find that the projection of the trial stress
back to the yield surface is most properly accomplished by an oblique projec-
tion.
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Governing equations for classical nonhardening plasticity

Classical nonhardening plasticity is usually presented in rate or incremen-
tal form so that the equations are linear in the rates. For typical numerical
applications, the current stress g in a material and the strain rate g,
(obtained by a symmetric gradient of the velocity field) are presumed known
at the beginning of a time step. The rate at which the stress changes in
response to the applied strain rate is desired. An interval of deformation is
called “elastic” if the strain would return to its initial state (at the beginning
of the interval) if the stress were to be released back to its value at the begin-
ning of the interval. Otherwise, the interval of deformation is “plastic,” and is
associated with irreversible structural changes in the material. If the point at
which a material transitions from elastic to plastic behavior depends only on
the stress level, then the material is said to be nonhardening. The most simple
(Von Mises) criterion states that plastic behavior commences when the magni-
tude of the stress deviator reaches a critical value. Other models (Tresca)
might mark the onset of plasticity by reaching a critical maximum shear
stress. Many geological and porous metal models further presume that the
yield stress further depends on the amount of pressure as well as the stress
deviator. Sometimes the onset of plasticity is delayed when the material is
under sufficiently large confining pressure. If the material is anisotropic, then
the onset of plasticity might require knowledge of the full stress tensor. The
most general description of nonhardening plasticity presumes that there
exists a scalar-valued “yield” function f(g) such that negative values of f cor-
respond to elastic stress states and positive values of f correspond to “forbid-
den” unattainable stress states. During intervals of plastic deformation, the
yield function must be zero and remain zero. This requirement is called the
“consistency” condition:

f(g)=0 and f=0 if the material is deforming plastically. (20)

The equation f(g)=0 defines a yield surface in 6-dimensional “stress space.”
By convention, the yield function f must be defined such that “elastic” stresses
on the interior of this yield surface correspond to negative values of f and for-
bidden stresses on the exterior are identified by positive values of f. This con-
vention is crucial because a trial stress is categorized to be elastic or plastic by
checking the sign of the yield function. The upcoming analysis will be valid for
arbitrarily anisotropic materials such as laminates or single crystals in which
the direction of the stress is relevant. For plastically isotropic materials, the
yield function depends only on the principal values of the stress, not on the
eigenvectors. Many authors erroneously claim that the yield function for plas-
tically isotropic materials can be alternatively written as a function of the
standard stress invariants (thereby avoiding the need for an eigenvalue anal-
ysis). However, we have yet to see any such function that satisfies the require-

10
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ment that f <0 if and only if the stress state lies within the yield surface (i.e.,
below yield). This issue is further addressed in Appendix 2, where the often-
cited invariant form of the Tresca criterion is proved to be invalid (and there-
fore almost useless) for plasticity applications.

11
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Elastic deformation. If the stress at a particular point in time is inside the
yield surface (i.e., if f(g)<0), then the deformation interval is elastic, and
the stress rate is given by

g = Eg, (21)

where E is the elastic tangent stiffness tensor. If the material happens to be
elastically isotropic, this equation becomes “Hooke’s law” as described in
Appendix 1. Equation (21) holds as long as the stress remains within the yield
surface.

Plastic deformation. Now suppose the stress reaches the yield surface. If
applying Eq. (21) would take the stress to forbidden states outside the yield
surface, then the interval is plastic and the following plasticity equations (fur-
ther explained in Appendix 2) are then imposed:

Consistency: 59‘ =0 (becomes Eq. 79 for hardening/softening) (22)
Strain decomposition: £ = g8 +¢gP (23)
Flow rule: gp = )\I\;I (24)
Nonlinear elasticity: g = E;ge, (becomesEq.85forelastic-plasticcoupling) (25)

In these equations, the following quantities are presumed known:
B, gradient of the yield function at the current state (B;; = 0f /00y;)

£, the total strain rate.
the fourth-order elastic tangent stiffness tensor.

=
M , the unit tensor in the direction of the plastic strain rate.

The following quantities are unknown:

g, the rate of stress
g€, the elastic part of the strain rate
gP, the plastic part of the strain rate.

A, the magnitude of the plastic part of the strain rate.

12
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We are interested in the solution of this set of equations, so we won't provide
their rigorous derivations. We will, however, emphasize that Eq. (22) is just
the rate form of the consistency condition f = 0; specifically, if f = f(oij),
then the chain rule gives

df _ of 049
dt Lo dt

which is the indicial form of Eq. (22). Since B is the gradient of the yield func-
tion, it must be normal to the yield surface. Consequently, Eq. (22) states that
the stress rate must be perpendicular to B. In other words, the stress rate
must be tangent to the yield surface during plastic intervals. This condition
makes geometrical sense because the stress state must remain on the yield
surface during plastic intervals. The stress rate has no normal component
because, for nonhardening plasticity, the yield surface itself has no normal
velocity. Equation (23) expresses the typical notion that the total strain rate
can be decomposed additively into elastic and plastic parts. The plastic strain
rate tensor is not generally known at the outset, but Eq. (24) expresses the
typical plasticity assumption that only the magnitude A of the plastic strain
rate is unknown — the direction of the plastic strain is presumed known (from
a supplemental “flow” rule). For so-called “associative” plasticity, the plastic
strain rate is assumed to be normal to the yield surface (in which case M
would be simply §/||I§||). Finally, Eq. (25) reflects the assumption that the
stress tensor is determined uniquely by the elastic strain tensor, and the
stress rate therefore must be linear with respect to the elastic strain rate. This
does not preclude nonlinear elastic response [recall Eq. (7)].

= BUGU =0, (26)

Range of validity of foregoing equations. Equations (22) through (25) are
valid for the following conditions.

= Arbitrary elastic anisotropy.

= Arbitrary plastic anisotropy.

= Nonhardening yield surface. (This restriction is released later).

= Genuine nonlinear elasticity. In other words, the stress is truly a proper
function of the elastic strain. The function may permissibly be nonlinear.
Because the function is assumed proper, the stress rate will be linear in
the strain rate, where the linear transformation is given by the elastic
tangent stiffness tensor, which depends only on the elastic strain.

= Yield functions that obey the sign convention that elastic stresses
correspond to negative values and forbidden stresses correspond to
positive values (this is needed so that the outward normal can indeed be
given by the yield function gradient and so that trial stresses may be
categorized according to the sign of the yield function).

= Strain definitions that permit the decomposition of strain rates.

= Stress and strain definitions that permit the use of true rates rather than
objective rates. A popular choice is to use the “unrotated” reference
configuration.

13
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= Strain rate direction being dependent only on the material state, not on
the rate of change of state.

Notice that we do not require that the yield surface be convex or that the plas-
tic strain rate be directed away from the yield surface. We don’t even require
that the elastic stiffness be positive definite. Rational models will indeed have
such properties, but those concerns merely dictate appropriate choices for the
guantities listed as “known” on page 12. To prove the radial and oblique
return theorems, we will only need to presume that

A:B#0, (27)
where
A= g: M (28)

No other assumptions about the “known” quantities will be needed.

Incidentally, for associated plasticity, the plastic flow direction M is paral-
lel to the yield surface normal B. Thus, for associativity, the condition of
Eq. (27) becomes M: E:MZ0, which is automatically satisfied if the elastic
stiffness is positive definite.

For convenience, we will also assume that the elastic stiffness tensor is
major symmetric:

Eijmn = Emnij (29)

14
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Exact solution of the classical nonhardening plasticity equations

In this section, the governing equations (22 through 25) for classical non-
hardening rate-independent plasticity are rearranged so that they are seen to
represent a projection of a trial elastic stress rate back to the yield surface.
Geometrically, the tensor B is proportional to the outward normal to the yield
surface, and it will henceforth be referred to as the “normal” to the yield sur-
face despite the fact that it might not have unit magnitude.

Egs. (23) and (24) combine to give g& = g—w , so that Eq. (25) becomes

g = E((E-AM). (30)

I ]
For convenience, we write this in a more compact form,
g = gtrial _ ,S\)\ , (31)

where the so-called “trial” elastic stress rate gtd is defined

gtrial = §:§' (32)
and A is just a shorthand notation for
A=EM. (33)

Note that gt”a‘ and A are both expressed in terms of known quantities, so
they may themselves be regarded as known. All that remains is to use (22) to
determine A. Substituting (31) into (22) gives

B:gtid _\(B:A) = 0. (34)
Thus
A= rv-all (35)

where we have used the fact that B: A = A:B. and we have invoked the
assumption of Eq. (28). Substituting this result back into (31) gives the final
solution for the stress rate in terms of known quantities:

. A(B:gid)
—gtid _ 2= %~
= A:B

~ ~

2Q -

(36)

15
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To emphasize the structure of this solution, we write it compactly as

P(g"d)  during continued yielding
g=0 .. : (37)
0 gt during elastic intervals

where the operation P is defined

A(B:X)
P(X) = %X-a5— =P

~ ~

The implicit dependence of the function P on A and B will be understood in

the upcoming discussions. The key point is that the projection operator is con-
structed from known quantities, so it may itself be regarded as known.

Note from (33) and (24) that A is proportional to E:gP. Comparing Eq.

(38) with Eqg. (15) we recognize P as a projector! Hence, the exact solution has
an appealing geometric interpretation:

8(

WX

). (38)

o>

During intervals of continued plastic deformation, the actual stress
rate is obtained by obliquely projecting the trial stress rate to the
yield surface. The projection direction is proportional to g:gp.

This result (which holds for any shape of yield surface) has been here
derived under the assumption of nonhardening yield surfaces, but the analy-
sis is generalized on page 26 to include hardening and softening. For harden-
ing or softening yield surfaces, it will be seen that the actual stress rate is
again a linear transformation of the trial stress rate, but the transformation is
no longer a projection. Nevertheless, it will be demonstrated that the numeri-
cal return projection mapping algorithm is valid for both hardening and non-
hardening yield functions so long as the target yield surface is updated before
the projection is performed.

Detailed mathematical implications*. Note that the projection direction is
proportional to g:gp and is not therefore generally proportional to the plastic
strain rate gP. A necessary and sufficient condition for the projection direction
to be proportional to gP is E:gP = agP for some scalar a. In other words, the
projection direction will be proportional to the plastic strain rate only if the
plastic strain rate is an eigentensor of the fourth-order stiffness tensor. For
isotropic elasticity, this will be the case only if gP is purely deviatoric or purely
isotropic (See Appendix 1). For many materials, plastic deformation causes no
significant permanent volume changes, and therefore the plastic strain rate
must be traceless (such an assumption is quite sensible for solid metals, but

*This subsection may be skipped without loss in continuity of later analyses.

16
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grossly inaccurate for porous metals). Hence, isotropic elasticity in combina-
tion with plastic incompressibility forms a specialized sufficient condition for
the return direction to be proportional to the plastic strain rate.

A large class of modern plasticity models takes the plastic strain rate to be
normal to the yield surface (this assumption is often adopted for porous met-
als). Under the assumption of normality, the plastic strain rate gP is propor-
tional to the yield surface normal B; in other words, g¢P = aB for some
scalar a. Consequently, the appropriate return direction is proportional to
E:B. Using similar reasoning as above, we conclude that the return direction
will not generally be normal to the yield surface even if the plastic strain rate
iIs normal to the yield surface; i.e., the projection is generally oblique. A neces-
sary and sufficient condition for normality of both the plastic strain rate and
the return direction is E:B = yB for some scalar y. In other words, the nor-
mal to the yield surface must be an eigentensor of the fourth-order stiffness.
In general, such a condition is not satisfied at all points on the yield surface.
For isotropic elasticity, the only such points on the yield surface are located
where the yield surface normal is either purely deviatoric or purely isotropic
(see Appendix 1); this condition is satisfied everywhere for the non-pressure-
dependent Von Mises yield surface discussed on page 24, but at only at a sub-
set of points for the pressure-dependent Von Mises yield surface discussed on
page 47.

To critically review an existing return algorithm, one can infer the implic-
itly assumed plastic strain rate by determining the projection direction used in
the algorithm. We have shown that the projection direction A is related to the
plastic strain rate direction M by A = E:M. Thus, when examining an exist-
ing plastic return code for which you can tell what is used for the return direc-
tion A, you may conclude that the implied plastic strain rate direction is
M = E:A, where the compliance E is the inverse of the stiffness. For exam-
ple, the so-called “radial” or “Prandtl” rule projects the stress to the yield sur-
face by simply reducing the magnitude of the trial stress deviator. Thus, if the
material is isotropic, the implied plastic strain rate is parallel to the stress
deviator.

The projection direction is not generally aligned with the normal to the
yield surface; i.e., the projection is generally oblique. It's natural to seek condi-
tions for which the projection will be orthogonal (i.e., a projection to the near-
est point on the yield surface). The projection will be orthogonal if and only if
the projection direction E:g gP is proportional to the yield surface normal B:
ie., I§E:'§P = BB for some~scalar B. This conclusion is useful for interpreting
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return algorithms that use orthogonal projections; these formulations corre-
spond to an implied plastic strain rate that is proportional to IEZ: B, where the
compliance E is the inverse of the stiffness.

Finally, note that the geometric interpretation of the exact solution does
not rely directly on physical concerns such as plastic stability or maximum
dissipation. These issues dictate appropriate choices for the quantities that
have been presumed known (B, M, etc.) in the derivation of the solution. Even
if bad choices are made, the exact solution of Eg. (37) remains unchanged.
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Numerical solution by projection to the yield surface

For a numerical solution to the governing equations, the “known” gquanti-
ties listed on page 12 are presumed known at the beginning of a time step. The
governing equations are then solved numerically to update the state. All
return algorithms work basically as follows: A trial stress is computed by tak-
ing the entire step to be elastic. If this trial stress happens to fall outside the
yield surface (implying that there was actually some plastic deformation),
then the assumption of elasticity was invalid and the actual updated stress is
obtained by projecting the trial stress back to the yield surface. In this section,
we rigorously justify this approach.

Recall the governing equation:

P(g"d)  during continued yielding (@)
g=0.. . - : (39)
0 gta during elastic intervals (b)

In developing the numerical solution to this equation, it is imperative to keep
in mind that the function P is a linear projector. During elastic intervals, the
stress rate is identically equal to the trial elastic stress rate. During plastic
intervals, the stress rate is the oblique projection of the trial elastic stress rate
back to the yield surface. The projection direction is proportional to g:gp.
This section details an efficient numerical algorithm for solution of the
above equation. Following conventional finite difference protocol, the “known”

quantities (B, g, E. and M, and therefore the projection operator P) are
approximated as unchanging throughout the time step. The order of accuracy
of the algorithm is affected by what values are assigned for these tensors. Typ-
ically, middle-of-step estimates improve the order of accuracy and help reduce
numerical errors associated with moving the stress past high-curvature parts
of the yield surface (e.g., yield surface vertices).

Given an old stress state g9d and a time step At, the finite difference solu-
tion for the new stress state is

ghew = gold + gAt. (40)

The trial stress rate gt”a’ is computed by applying Eq. (32). The trial stress
gtd js constructed to be the stress state achieved by presuming that the
entire step is elastic. Thus, applying Eq. (39b), under the assumption of an
elastic interval

Otrial — 0'O|d + (.)-tl‘ialAt . (41)
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As long as gtd is an admissible stress (i.e., if f(gtd)<0), then the assump-
tion of elasticity was valid and gnw=gtid ' making the computational cycle
complete. If, on the other hand, gtd happens to fall in the forbidden zone out-
side the yield surface, then there must have been plastic deformation, and
during at least part of the step, Eq. (39a) applies:

g = P(g"d). (42)

Whenever gtd s found to equal a forbidden stress outside the yield sur-
face, then we know that it does not represent the updated stress. Fortunately,
however, the effort that went into computing the trial stress (which was con-
siderable if the elasticity was anisotropic) need not go to waste. By construc-
tion, we know that gtid is nevertheless still related to gd by Eq. (41) and
hence

gtrialAt = gtrial _ gold_ (43)

During this time step, the stress state might have been initially below
yield, and a portion At® of the total time step may have been used to elasti-
cally get the stress to the yield surface. Breaking the step into elastic and
plastic intervals, the stress at the end of the elastic interval is

gintermediate - gold + gtrialAte ) (44)

Using the projected stress rate during the remaining plastic part of the time
step, AtP = At—At®, the final stress is

ghew = gintermediate + P (Gtriad)AtP (45)
or

new — gold + gtrialAte + p(gtrial)Atp_ (46)

Q

Substituting At® = At—AtP in the second term and applying Eg. (16) to the
last term gives

gnew = gold + gtrialAt — gtrialAtp + p(gtriaIAt P) 47)
Using Eq. (43) to re-introduce the already available trial stress gives
gnew - gtrial _ gtrialAtp + p(gtriaIAtp) ) (48)

A fascinating advantage of the projector nature of the governing equations is
that it is not necessary to find the exact time at which the deformation transi-
tions from elastic to plastic! Specifically, operating on both sides of (48) with
the projection function P and using linearity gives

P(gnev) = P(gld)  —P(gUdALP) + P(P(g"4AtP)). (49)
Applying Eg. (18), the last two terms cancel with each other, leaving only
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p(gnew) = p(gtrial)_

Recalling Eq. (19), this condition is possible if
and only if gnew and gtid fall on a line that is
proportional to the projection direction A. As
sketched in Fig. 5, once the trial stress is
known, all that needs to be done is to project it
back to the yield surface! This is true no matter
what fraction of the time step is elastic. The
projection direction is required to be propor-
tional to A. Therefore, applying Eq. (19) to Eq.
(42), we know that

gnew = gtid + BA|, (51) Figure5. Return to the vyield
surface.

for some scalar . Note that the new updated
stress is not generally a scalar multiple of the trial stress. That would be the
case only if the projection direction A is in line with the trial stress.

Given that g"¥ is the final stress after an interval of plastic deformation,
ghev must be on the yield surface. Hence, the scalar B is found by using, say, a
secant solver to find 3 in the yield equation,

f(gid +BA) = 0| (52)

Recalling the explicit expression of the projector, the solution of EqQ. (48) is

. é(@:gtrialAtp)
gnew - gtnal _ B (53)

~ ~

Comparing with Eq. (51), a good first guess for the secant solver is
(g}:gtrialAt p)
AB

Of course, the value of AtP is generally unknown, but the mean value theorem
can provide a sensible estimate (for well-behaved yield functions):

AtP = At <--- first guess (55)

1-f (gO|d)/ f (gtrid)

Once the first-order solution is known, it might be a good practice to re-evalu-
ate the “known” quantities A and B at the improved estimates for the stress:

gnew(l) = gtid + BOAO O AD and BO (56)

B = <--- first guess (54)
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Taking g(®) =god and g(1) = gd | the following iterative algorithm might be
a higher-order alternative to a secant solution because it accounts for varia-
tion of the “known” A and B quantities with stress:

(i) Compute gtrid
(ii) If f(gtd) <0 then gnew = gtrid and go to (ix).
(iii) Set g(0) = gold
Set g(l) = gtrial
setk =0
(iv) Increment counter K by 1.

(v) Estimate what fraction of the vector from g(k-1) to

g(®) lies outside the yield surface (negative values
are allowed for iteration purposes).

_ 1
17 I-f(g® D)/ T (g)]
(vi) Compute AK) and B(K) using

ngk-D+(1-n)g as a stress estimate. (This

estimate is generally off the yield surface, so this
algorithm requires a well-behaved yield function.)

(vil) Update stress estimate:
AW(BW: (g —glk-1)))
AR B(K) }

g(k+1) = g(k)—n{

(viii) If f(g(k+1))=0 then ghew = g(k+1) and go to step
(ix). Otherwise, go to step (iv).
(ix) Stop.

An iterative solver like this may not be necessary if Eq. (52) is simple
enough to solve for B analytically. The classical Von Mises yield criterion dis-
cussed on page 24 is such a case. For pressure dependent yield surfaces, a far
more detailed alternative algorithm is given in Appendix 3 on page 5.

The solution of Egs. (51) and (52) is exact if the “known” quantities listed
on page 12 are truly constant over the entire interval. The algorithm should
be highly accurate for typical yield surfaces and flow rules so long as the ten-
sors A and B don't vary too much over the interval. If, for example, the stress
state is on a “flat” part of the yield surface, then the direction of B is exactly
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constant. A continuing area of research addresses what to do near regions of
high curvature in the yield surface where A and B cannot sensibly be
assumed constant.
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Traditional Von Mises radial return

The Von Mises yield condition says that yield occurs when the second
invariant of the stress deviator reaches a critical positive constant k2. The
corresponding yield function is

f(g) = %(§:§)—k2, where §Eg—%trace(g);. (57)

For traditional Von Mises plasticity, k is a material constant independent
of the stress. Using elementary tensor calculus, the gradient of this yield func-
tion is found to be B=$. Hence, the outward unit normal to the yield surface
at a stress state g on the yield surface is g divided by its own magnitude:

B S S

N - = — = — = . (58)
~ B:B S:S k.2

~ % R R

Geometrically, the Von Mises yield surface is a cylinder in stress space, where
the “axis” is the set of isotropic tensors, and the stress deviator is oriented in a
purely radial direction.

Traditional Von Mises plasticity takes the flow rule to be associative, and
the direction of the plastic strain rate is therefore aligned with I.

M=N. (59)

~ ~

Note from Eq. (58) that N and therefore M are deviatoric. Consequently, for
isotropic elasticity, M is an eigentensor of the stiffness (See Appendix 1). In
other words, the projection direction A and the plastic strain rate happen to
be collinear for this simple model. Namely, using Eq. (120) in Appendix 1,

A=EM =2GM. (60)

Hence, classical Von Mises plasticity is an “exceptional” model having both
associativity of the plastic strain rate and a proportional orthogonal projection
back to the yield surface. Recall that IM is proportional to N\, which is in turn
proportional to $. Therefore projection direction A is proportional to the
stress deviator S. Typically, Von Mises radial return methods take the tensor

=

A to equal its value at the end of the time step so that Eq. (51) becomes
gneW = gtl’ial + B§new, (61)

where the scalar 3 must be assigned to put the new stress on the yield sur-
face. Taking the deviatoric part of both sides of (61) shows that

§new = §tria| + B§new, (62)

or, redefining the undetermined constant,
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Shew — wstrial’

for some scalar @. In other words, the new stress deviator is simply a scalar

multiple of the trial stress deviator. This result is particularly nice because it

allows Eg. (52) to be solved analytically. Once the trial stress is known, the

scalar multiple ¢ must be constructed to put the stress on the yield surface.
Therefore using Eq. (63) in (57) and setting f(g"*") = 0 gives

| 2K?
§new — L|J§ma| where ) = A/% (64)

Taking the isotropic part of both sides of (61) shows that the new updated
pressure simply equals the pressure associated with the trial stress:

If desired, the plastic strain rate may be computed using STEP 21 in the algo-
rithm on page 59.
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Hardening/Softening yield surfaces
For hardening (or softening) plasticity, Egs. (23) through (25) remain valid:

£ =g +gP (66)
EP = AN (67)
g= E:£°, (68)

However, Eq. (22) must be modified to account for the fact that the yield sur-
face is no longer strictly a function of only the stress. The yield function is
additionally dependent on one or more internal state variables. For example,
plastic deformation in metals can cause structural changes such as dislocation
buildups that change the Von Mises yield stress k in Eq. (57); and therefore, k
would be interpreted as an internal state variable. Sufficiently large compres-
sion of porous materials causes a mesoscopic structural change (pore crushup)
and the yield surface would naturally depend on porosity as an internal state
variable. For illustration purposes, we will show the analysis for the case of a
set of internal state variables, {n,,n,, ...} . Thus, the equation defining the
yield surface becomes

f(g,nyNy, ...) = 0. (69)
Exactly one of the following always holds:

Elastic deformation: A = 0 and f(g,nyNy, ...)<0

Plastic deformation: A >0 and f(g,ny Ny ...) = 0 and f=0 (70)

These conditions are described succinctly by the “Kuhn-Tucker” complemen-
tary conditions, which must hold regardless of whether the deformation is
elastic or plastic:

A0,

f(g,nyny ) <0,

Af(g,nyn, ...) = 0,and

Af =0 (71)

Taking the rate of Eq. (69), the consistency condition for continued yield
(f = 0) becomes

B:g+ BN+ BN+ ... = 0. (72)

where, as before, B represents the gradient of the yield function in stress
space,

B.. = —_—, (73)
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The new B, quantities for hardening/softening quantify how the yield surface
changes upon a change in the internal state variables:

_of g _of
San,’ 27 0n,’

Eq. (72) shows that the yield surface is no longer fixed in stress space.
Changes in the internal state variables cause the yield surface to move, and
the stress rate during plastic intervals is therefore no longer required to be
tangent to the yield surface. In order for the stress to remain on the moving
yield surface, the stress rate must have a normal component that exactly
equals the expansion (or contraction) speed of the yield surface. This condition
is ensured by imposing the consistency condition of Eq. (72).

By

etc. (74)

Whenever internal state variables are introduced, additional equations
known as “evolution” equations must be supplied that govern the rate of
change of the internal state variables.

Example of an evolution equation. In this example, we describe a particular
example of an internal state variable and show how its evolution equation can
be expressed in the form of a second-order tensor operating on the plastic part
of the strain rate. Consider porous metals, which exhibit significant perma-
nent volume changes even when the matrix material is plastically incom-
pressible. In an unstressed representative sample of volume V, the volume of
the matrix material is V — @V , where @ is the porosity at the unstressed state.
During an interval of elastic deformation the volume of the pores and the vol-
ume of the matrix material can both change, not necessarily in proportion to
each other. Nevertheless, the pore and matrix volumes in the unstressed refer-
ence state remain constant during elastic deformation. Hence, the unstressed
reference porosity is a natural choice as an internal state variable because it
never changes during purely elastic deformation. By using the unstressed
value, our internal state variable can change only due to plastic deformation.
We seek an evolution equation that governs the rate ¢ of this unstressed elas-
tic reference porosity. If the matrix material is plastically incompressible, any
changes in the macroscopic unloaded volume must be attributable to changes
in the elastic unloaded porosity. In other words, the unstressed reference vol-
ume of the matrix material, V — @V , must be constant. Thus V — @V — @V = 0.
Dividing both sides by V and using the continuum mechanics identity that
V/V = treP, we obtain the desired evolution equation for the porosity state
variable. Namely,

® = (1-@)trgP, or @ = (;B:gp where (;‘u = (1-9)) (75)
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Note that the rate of the internal state variable is expressed as a “known”
state-dependent tensor, G, operating on the plastic strain rate.

An equivalent form for evolution equations. Another typical approach for
expressing the evolution relation for an internal state variable n, is to
assume

Ak = -Am,, (76)

where m, is some specified state-dependent scalar and A is the plasticity
parameter of Eq. (24). This is essentially the form cited by Simo and
Hughes [><] in their Eq. (2.2.8) where they use the symbols g, y, and h in place
of our n,, A, and m,, respectively. Recalling that the tensor M in Eq. (24) is a
unit tensor, it can be double-dotted into both sides of (24) to give A = M:gP,
and therefore Eqg. (76) can be written B

N = C;sk:gp,where c;;k = -mM. 77)

Though not immediately obvious, the example of Eq. (75) is a special case of
Eq. (76) with m = —(1-@)trM .

Application to hardening/softening. Note that the fundamental structure of
Egs. (75) and (77) is identical. Namely, the rate of the internal state variable
equals the inner product of a state dependent tensor G into the plastic strain
rate gp. Such a form for the evolution equations is extremely common. In the
subsequent analysis, we therefore assume that, for each internal state vari-
able n,, there exists a state-dependent second-order tensor G, such that the
evolution equation for the state variable may be written

Nk = (;Ek:gp. (78)
Thankfully, it will be shown that it is not necessary to actually compute the
G, tensors when performing numerical solutions. To prove the algorithm, we
merely need to assert that they exist.

Given Eqg. (78), we can imagine the existence of a state-dependent “ensem-
ble” evolution tensor G=p,G,+B,G,+.. such that the consistency Eq. (72)
becomes

B:g+G:gP = 0. (79)

~

Equation (79) is the generalization of Eq. (22).

Elastic-plastic coupling.
A simple way to explain elastic plastic coupling is to first presume that the

elastic strain tensor g® is a function of one or more of the n, internal state
variables in addition to being a function of stress:
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€% = £°(Q. Ny, - Ny

The rate form of Eq. (80) is

£ = Figr Y e (61)
where we have defined the elastic compliance tensor to be
g
F =0 (82)
y o0
n
and
0g0

= W (83)

The elastic compliance E and the elastic stiffness,

E = EﬁgD F-1 (84)
= = » - ,
%éel]n

now depend on the values of the internal state variables. Multiplying both
sides of (81) by the stiffness and then solving for the stress rate gives

¢ = EE - a0 (85)

Now let’'s recall that the plastic internal state variables are assumed to be
expressible in the form

e = G, £°. (86)
so that

g = E'QG_ZELE'B@(z;kép (87)
or, writing gP = }\hz/l,

g = g:ge—g}\ (88)
where

— o O~
%_Z%;E'E@g;k"\:{l (89)

Again, we want to emphasize that this ugly expression never has to be actu-
ally computed in practice. The key point here is that there exists a second-
order tensor z that depends only on the material state (not its rate) such that
Eq. (88) holds.

29



July 30, 2002 9:15 pm

This is the generalization of Eq. (25) when there is elastic-plastic coupling.

Physical example: porosity. Let's consider a model with only one internal
state variable — the porosity n = @. A very common form for the porosity-
dependence in the elastic compliance is

E = Elid+ ? Fc (90)

g 1—q)g
Here Elid s the compliance of the solid (nonporous) matrix material, and E¢

is a cgupling tensor that is independent of the porosity. The linear elastic
stress-strain relation is

from which it follows that

P8 _ ofE 1
== — OO0 _ )
L= Con0e ~ Cogle ~ (1_¢)2%C'9% (92)

Incidentally, recognizing that the elastic strain tensor is not itself usually
available in numerical implementations, we presented this example of cou-
pling by using compliances instead of stiffnesses so that the final expression
for p would depend only on the stress. The stress is readily available in
numerical calculations because it is always needed to solve the momentum
equation. Thus Eq. (92) is quite convenient because it permits us to avoid hav-
ing to additionally compute and allocate storage for the strain tensor.

The z-tensor is computed by substituting Eq. (92) into (89):

-1 P A
%=(1_¢)ZE§.EC.Q§§KI\:/I (93)
or, recalling Eq. (75),
_ 1 e
g=(1_(p)%.§0.ggtrl\z/l . (94)

Again, we want to emphasize that we have derived the z-tensor for illustration
purposes only. Fortunately, there is really no need to actually compute it in
practice. The purpose of introducing the z-tensor was to demonstrate that
such a tensor exists such that the structural form of Eq. (88) holds. Only the
existence of the z-tensor is needed in order to demonstrate that the radial
return algorithm applies to situations of elastic-plastic coupling. We will now
proceed to demonstrate how such coupling affects the direction that one must
return to the yield surface.
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The generalized governing equations. The other governing equations,
namely (23) and (24), remain unchanged.

Consistency: Big+GigP =0 (95)
Strain decomposition: £ = g8+¢gP (96)
Flow rule: gp = AM (97)
Nonlinear elasticity: g = Eig- ZA (98)

Egs. (96) and (97) combine to give £¢ = £—AM , so that Eq. (98) becomes

g = g:(g—}\l\:ﬂ)—;}\. (99)
For convenience, we write this in a more compact form,

g = gtid — A\, (100)

where the so-called “trial” elastic stress rate gid is again defined

gtia = E:g, (101)
and A is a shorthand notation for
A= E:M—;}\. (102)

Note that the A tensor is now defined with a new term that accounts for elas-
tic-plastic coupling. As for the simpler nonhardening non-coupled case, note
that gd and A are both expressed in terms of known quantities, so they may
themselves be regarded as known. All that remains is to use (22) to determine
A . Substituting (100) into (95) gives

B:(gd — AN) + G:gP = 0. (103)
Thus solving for the plasticity parameter A gives

: B:gtrid
A= A\E——GM . (104)

~ R ~

Substituting this result back into Eq. (100) gives

- th(g"d) during continued yielding
o =

~

o ... _ . , (105)
0 gta during elastic intervals

where the operation h is defined
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=h (X). (106)

<
11_)>
um
@)
<

This function is not a projector, but it is linear. Consequently, the numerical
derivation on page 19 remains valid up through Eqg. (48) if the function P is
replaced with h. In particular, the generalization of Eq. (48) becomes

gnew = gtrial — gtriaIAtp + h(gtrialAtp) . (107)

Even though this hardening solution depends the new function h, the original
projection function P of Eq. (38) is nevertheless still well-defined. In fact, the
new function h is related to the projector P by

h(X) = P(X)+YA(B:X), (108)

where y is a scalar-valued function of the state tensors A, B, G, and M.

3 ]

Thankfully, the precise expression for y is not needed for the ensuing discus-
sion, but interested readers can readily verify that it is given by

1 1
Y=AB-GM AB (109)

~ R

Furthermore, if the evolution laws are presented in the form of Eq. (76), then
of

—g: M = (ﬁ(mk (110)
Operating on Eq. (108) by P (and, as always, using linearity of P) gives
P(h(X)) = P(P(X)) +YP(A)(B:X) (111)

Recalling that P(P(X)) = P(X) and noting that P(A) = 0, this simplifies to
a useful identity that relates the projector P to the nonprojector h:

P(h(X)) = P(X) for any second-order tensor X. (112)

Operating on Eq. (107) by P and applying (112) gives an equation identical to
Eq. (49) from the nonhardening analysis. Consequently, the final result is
unchanged for the hardening (or softening) case! Namely,

P(gnev) = P(g"d) (113)

In other words, the updated stress is still given by a projection of the trial
stress back to the yield surface despite the fact that the stress rate is no longer
a projection of the trial stress rate. Obviously, after an interval of plastic load-
ing, the yield surface will have changed, and it is this new yield surface that
would be used as the target in the projection. First Eq. (104) should be solved
for the plasticity parameter A, after which the evolution equations may be
integrated for updated values of the internal state variables at the end of the
step. Finally the stress would be found by using a secant (or other) solver to
find B in the generalization of Eq. (52); namely
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f(gtd +BA, niev,niew,...) = 0|

Once B is known, the updated stress is simply
gﬂE’W — gtfiéﬂ + B'g\ (115)

As mentioned in the context of nonhardening plasticity, a secant solver may
not be necessary if the yield function is simple enough to solve Eq. (114) ana-
lytically. To summarize: the effect of hardening or softening is to move the tar-
get projection surface, but the projection to the updated surface still holds.
The effect of elastic-plastic coupling is to alter the projection direction. Conse-
guently, the analyst must be careful not to mistake the effect of elastic-plastic
coupling as a sign of non-associative flow.
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Closing comments

The purpose of this technical note was to provide a geometric interpreta-
tion of conventional return algorithms for nonhardening plasticity, with a
brief explanation of why these algorithms continue to work even when hard-
ening and/or softening and/or elastic-plastic coupling are allowed. It's impor-
tant to recognize the distinction between projection of the stress rate, which
holds only for stationary (nonhardening) yield surfaces, and projection of the
trial stress, which is valid even for hardening or softening yield surfaces. The
solution algorithm for both hardening and nonhardening yield surfaces
reduces to a simple task of using the projection direction tensor A to place the
elastic trial stress on the yield surface.

Another important point of this discussion is that the direction used to
project the trial stress back to the yield surface is not necessarily proportional
to the direction of the plastic strain rate. An associated flow rule can have a
nonassociated return direction and vice versa.

The radial and oblique return algorithms are rigorous direct consequences
of the governing equations (22) through (25). There is nothing in these deriva-
tions that requires any attention to positive dissipation, convexity of the yield
surface, or plastic stability. Such concerns merely dictate appropriate choices
for quantities that have been herein presumed known.
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APPENDIX 1: Spectrum of the isotropic elastic stiffness.

A material is elastic if stress g can be written as a proper function of the strain €.

Consequently, the stress-strain path is the same for both loading and unloading.” Even if

the elasticity relationship is nonlinear, the chain rule shows that the stress rate is linear
with respect to the strain rate:

00:.

g=Eg,  where Ey, = (?:I (116)

The fourth-order tensor g is called the elastic tangent modulus. It is analogous to the
local tangent to the nonlinear elastic stress-strain curve for uniaxial deformations. For iso-
tropic elasticity, the stiffness tensor g iIsexpressiblein the form [2]

Eijki = (K_gG)(éijakl)"'G(éikéjl+5i|6jk) (117)

where K is the elastic bulk modulus, G is the shear modulus, and o;; is the Kronecker
delta(equal to 1 if i=j and zero otherwise).

When the isotropic stiffness of Eq. (117) operates on the strain rate in EqQ. (116), the
resulting formulais known as Hooke's law:
g = 3Kgl+2G¢d, (118)
Thetensors g' and g9 are, respectively, the isotropic and deviatoric parts of g, defined

3
g—¢g', where trace(g) = > € (119)
K=1

um
1
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8
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Eq. (118) shows that, for isotropic elasticity, the stress rate is a linear combination of the
isotropic and deviatoric strain rates. Whenever the strain rate is traceless (i.e., whenever it
is aready deviatoric) then g = 2Gg . Geometrically, this means that, whenever the strain
rate is deviatoric, the stress rate differs from the strain rate by only a scalar multiple 2G .
Referring to Eq. (116), this means that

E:A = 2GA for any symmetric deviatoric tensor A. (120)

Hence, for isotropic elasticity, any symmetric deviatoric tensor is an “eigentensor” of I§E ,
and the associated eigenvalue is 2G . Similarly, any isotropic tensor (i.e., any tensor of the
form a] for somescalar o) is an eigentensor with the eigenvalue equal to 3K ..

*For any material, elastic or not, subjected to any deformation, stress and strain can be written para-
metrically as functions of time. Therefore stress is often regarded as an implicit function of strain.
However, to be atrue or proper function of strain, the stress must be uniquely determined by the
strain regardless of the path through time (i.e., proper functions must be single-valued).
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APPENDIX 2: Further explanation of the plasticity equations.

This appendix provides brief derivations or explanations of the governing equations
(22) through (25). The equation f(g) = O describesthe yield surfacein 6D stress space.
The yield surface is recognized as nonhardening because it is strictly a function of stress
— it does not change size or shape with ti me.” For continued yield, the stress state must
remain on the yield surface. In other words, f=0 for continued yield. Applying the chain
rule gives Eq. (22). Namely,

3 3 3 3
f=y 5 (%'oij =Y Y Byoy = 0. (121)
i=1j=1 Y i=1j=1

The geometrical interpretation of Eq. (22) is that the stress rate g must be tangent to
theyield surface. Since the gradient B of the yield function is normal to the yield surface,
the stress rate must be “perpendicular” to B . This restriction follows from the nonharden-
ing assumption that the yield function depends only on the stress g and not on any other
internal state variables that could cause the yield surface to expand or contract, which
would give the stress rate a normal component in order to “keep up.” This effect is dis-

cussed separately on page 26.

Equation (23) expresses the typical decomposition of the strain rate g into recoverable
elastic part £° plus a permanent plastic part £P . Heuristically, the plastic strain may be
regarded as the permanent strain that would remain if all stresses were released.

Equation (24) states that the magnitude A of the plastic strain rate 'gp is not known,
but its direction M is presumed known based on other physical arguments. Importantly,
this direction depends only on the material state. In other words, all rate dependence (if
any) is reflected through the magnitude A of the plastic strain rate. The direction of the
plastic strain rate is presumed rate independent. Whenever the plastic strain rate is normal
to the yield surface (i.e., if M=aB for some positive scalar a), then the flow ruleis said
to be “associative’.

Equation (25) statesthat the stressrateis linearly related to the elastic part of the strain
rate. The component form of (25) is

3 3
0ij = > > Ejjugk (122)
K=11=1

If the material isisotropic, this equation is merely the elastic expression of Hooke's law of
Eq. (118) inrate form.

*Hardening and softening yield surfaces that do vary in time are discussed on page 26.
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I mportance of the yield function sign convention. If amaterial is plastically iso-
tropic, its yield function satisfies the condition that f(QTe+ g+ Q) = f(g) for all
orthogonal tensors Q . Thisimplies that the yield function can be written as a function of
invariants of stress. One of the s mplest isotropic yield functions is that of Tresca which
hypothesizes that yield commences when the largest shear stress reaches a critical value,
k. If 0, @d o, are respectively the largest and smallest principal values of stress,
then the largest shear is 1, = 5(0 . —Omin) @nd occurs on a plane whose normal
bisects two associated principal directions of stress. If the three principal stresses are
known but have not yet been ordered, the Tresca criterion can be applied by simply con-
sidering the largest (in absolute value) of the three possible stress differences. In other
words, the Tresca yield function may be written

f(g) = max((o,—0,)? (0,-03)? (03—0,)2) —4k? (123)

where {0, 0,, 04 are the principal stresses. This is a properly defined yield function
because it satisfies the essential sign convention properties:

f=0 if and only if the stress is on the yield surface (124a)
f <0 if and only if the stress is inside the yield surface. (124b)

The choice of the yield function is not unique. Many other functions can be constgucted
such that the above two conditions hold. Unfortunately, however, many authors will
wrongly claim that an aternative form for the Trescayield function is

fE(g) = [(0,-0,)2-4k?|[(0,—03)%?—4k?][(03—0,)?—4k?] (125)

It is straightforward to verify that this function may be written in terms of the standard
invariants, J, = 3||g|| and J; = det$, of the stress deviator §:

flg) = 433-2735-36k?J35 + 96k*J, —64k5 (126)

Thus, the function fU has an intoxicating appeal because its value may be computed with-
out an eigenvalue analysis of the stress. The only problem isthat fU is not a valid yield
function! The properties of Eq. (124) are satisfied in only one direction, not both. The
function fU has properties

If a stress is on the yield surface, then fL=0. (127a)

If a stress is within the yield surface, then fU<0. (127b)

However, the converses of both statements are false and therefore the sign requirements of
Egs. (124) do not hold! The proof by counterexample istrivial. Consider 0, = 0, = 3k
and ;3 = 0. Applying the valid yield function of Eq. (123) gives f >0, indicating that
this stress state lies outside the yield surface. Applying the invalid yield function of
Eq. (125) gives fU = —20k2, which (being negative) falsely indicates that this stress state
isinside the yield surface. Conclusion: the function fU is inadmissible as the sole means
of determining whether a stress state is below yield.

*and even respected plasticity texts[1].
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The situation is not too hard to rectify. The basic idea is to first check whether the
stress state lies near the yield surface by checking whether it lies within the inscribed and
circumscribed Von Mises yield surfaces that bound the Tresca hexagon. Specifically,

If 3, <k?, then the stress is inside the yield surface,

else if J,>4k?/3, then the stress is outside the yield surface,
else check the sign of Eq. (126). (128)
This corresponds to the following yield function

J,—4k2/3 if J,>4k2/3 (129a)
f = .
@ 433 -273%—36k?J5 + 96k*J, — 64k® otherwise (129b)

Elastic potential

Quite often, the stress is presumed derivable from an elastic potential W = W (g®)
such that

aw _ IW(E—£P)

= = 1

g dee 58 (130)
The elastic stiffness is defined

dg 2 2

= dg®  dgtdg® ! 0ef0eg,

If the stiffness is constant, the elastic potential function is expressible as
— lce. E.
W = zge:Ege (132)

ISV potential

Hardening or softening yield functions are of the form f(g,n,n,,...). Simo and
Hughes [3] define the flow rule to be “associative’ if the plastic strain rate is normal to the
yield surface in stress space

eP = y=— = yB (133)
Recalling that we write

EP = M, (134)

where M isaunit tensor,

~
~
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Stress space associativity is equivalent to assuming that

B :
M = ﬁ and A = y||I:3|| (135)
Simo and Hughes also extend the idea of associativity to include the following assumption
about the evolution of the internal state variables. Specifically, we will say that the model
is“fully associative” if there exist coefficients Dy (called plastic moduli) such that

Nisv isv
of - of
Kk = —y z ijé—l-’]— = —}\ z dkja"ﬁ— (136)
j:l J J:l J

Here dkj are just an alternative set of plastic moduli defined in a manner compatible with
A . Namély,

Dy
dyi = =t (137)
j
[
Equation (136) can be written
Nisv
of _ 1.
Yan, = —_lek,-n,- (138)
J =
Itisnatural to define “conjugate” internal state variables A, by
Niw
i=1
Thus, if the plastic moduli are constant, then Eq. (138) can be written
A _ of
k = YBx where B, = — (140)
on i
Alternatively, using A and dkj , we note that equation (136) can be written
NISV
=-3 din; (141)
aﬂk <1
Itisnatural to define “conjugate” internal state variables a, by
Niw
— d_]_ —_ Ak
ay —Z kjnj_M (142)
i=1 =
Thus, if the plastic moduli are constant, then Eq. (138) can be written
of
a = )\Bk, where B, = — (143)
on j

Note that this result is analogous to Eqg. (133). Simo and Hughes therefore postulate the
existence of a plastic potential H such that
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- _0H
k= 75,
If the plastic moduli are constant, then
Nisv Nisv
H =2 Y Y ADA; (145)
k=1j=1

Example: porosity. For a plastically incompressible matrix material, we know that the
unstressed porosity ¢ must evolve according to
¢ = (L-@trgP (146)

Alternatively, the porosity evolution equation may be written in terms of the commonly-
used distention a defined by a = 1/(1— ). Then the porosity evolution equation is

a = atrgP (147)
We can alternatively define

¢ = Ina (148)
Then the evolution equation for this alternative porosity measure is

g = trgP (149)

Note that al three porosity measures (@, o, and &) represent the same internal state vari-
able. Knowing one gives values for the other. To analyze all three choices (as well as other
unstated choices) for the porosity variable, let n denote some unique measure of porosity.
We will assume that there exists a function

n=n(E) (150)
that relates the porosity measure to the porosity measure ¢ . Then Eq. (149) impliesthat n
isgoverned by

- = dn

rl - dE.
For example,

|

dn(€) (151)

: =n' cp n' = =—1\>/
& n'(€)trgP, where n a

ifn =@, thenf(€) = 1-efand i =et =1-¢

ifn =a,then () =edand i’ = e¢ = a

ifn=¢,thenn() =§andn =1 (152)

The porosity may be regarded as an internal state variable. Now we are going to

explore Simo and Hughes idea of the “plastic” modulus for our generalized porosity mea-
sure n . Keep in mind that an application will use one — and only one — measure of
porosity. Our purpose hereisto illustrate how the choice of porosity measure can have an
impact on the ssmplicity of the calculations.

Recall that the plastic strain rate may be written as
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- of
P = y—
£ yag (153)
Then the three evolution equation becomes
A=A tr%} (154)

For this special case of a single internal state variable, the summation in Eq. (136) now
ranges over only one term. In other words, thereis only one n,, so the D, ; matrix isjust
alx 1 matrix, makingit ssimply asingle scalar D . Depending on the single choice for the
porosity measure, Eq. (136) becomes

of

n = D3y (155)
Equating the last two equation gives
of _ _,  of
Dﬁ = -N tr@ (156)

Using subscripts to explicitly show what is being held constant, this equation may be writ-
ten

f _ . pf
Dgiﬁgg = tr%%ﬂ (157)

Since n isthe only internal state variable, we know that the yield function is of the
foom f = f(g,n). Without loss in generaity, we may alternatively assert that
f = (S, p,n), where S isthe stress deviator and p isthe pressure. Then, by the chain
rule,”

ofg - _@fp
trQ)—QDn = s (158)
Now, observe that
ofo - @fp
B, = B o (159)
By awell-known identity from multivariable calculus, we note that
i
n-s.p _ [QED
S s (160)
Loptls. n
Substituting Eg. (158) into Eq. (157) and using the identity (160) gives
pP - (161)

ConOf,s ~

When solving this partial differential equation, it is important to realize that any integra-
tion constants that appear will actually be functions of the constant stress deviator S . Sup-
pose that “crush curve” experiments are available that provide the porosity as afunction of

*Incidentally, this operation is a good example of a danger with indicial notation. Specificaly,
tr(0f /0g) isnot the same thing as af /d(trg) , so it should not be written in indicial notation as
tr(of/do,,) because such an expression is ambiguous.
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the applied pressure, for various (constant) values of the stress deviator. Such curves are
often called p-a curves. By the substitution o = e¢, these curves can be readily con-
verted into p-& curves. An experimentally measured p = p(&, S) function applies dur-
ing crush (i.e., when f=0). Therefore, we can define

9(&, 9) = —Eg—'g%s (162)

Thus, the function g = g(§, S) may be regarded as a known property of the material.
We have used the negative sign because a decrease in porosity & normally results from an
increase in pressure (though the opposite istrue in tension). By the chain rule, we have

PP @ dé _ g
[onds ~ [bElsdn n’ (163)

So Eq. (161) becomes

e

D= =1 (164)

||

or

n' = J/Dg (165)
or, showing the independent variables,

n'E) = ,/Da(&, Q) (166)

In order for thisto hold, we note that the plastic modulus D must generally depend on the
stress deviator. If the function g(&, S) is approximated to be independent of the stress
deviator, then the above equation may be integrated to obtain the “natural” measure of
porosity for which the plastic modulus is constant. Alternatively, if n isassumed to be the
natural porosity measure, then D is constant and Eqg. (166) implies the crush curve.
Namely

_, 2
ot §) = (1L (167)
or
1 3
P—p, = —5 [IN"€D]dE (168)
&
If, for example, & itself is presumed to be the natural porosity measure, then
1
P—Po = —5(5 —&o) (169)
or, writing { = Ina, the crush curve becomes
9 _ o-D(p-Ppy) (170)
a

0
The integration constants o, and p, depend on the shear stress.
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Plastic dissipation
Simo and Hughes define the plastic dissipation to be

Nisv
DP = g:gP+ Z nkAk (171)
k=1
where A, arethe conjugate “strains’ associated with the internal state variables, namely
N isv
Ak = =5 Difn; (172)
i=1

Example: porosity. Consider a single porosity measure nj used in the previous exam-
ple. Suppose that D is constant. Then

DP = g;§p+r]A (173)
where A isthe conjugate “strains’ associated with the internal state variables; namely
=_n
A D (174)
Using Eq. (166) gives

£
n = IA/DQ(ED, S)dgd (175)
&

Therefore

£

EES
J’ g(D )dED (176)
&o

: : . 19(& Q)
A:_%:_g/ . (177)

And
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APPENDIX 3: Pressure-dependent Von Mises (J2) yield

The traditional Von Mises criterion is often modified to include pressure
dependence by allowing the Von Mises yield stress to vary with pressure. If
the material is plastically incompressible, then the solution algorithm is not
significantly different from the solution method described on page 24 for the
traditional pressure-independent Von Mises model. Specifically, if the mate-
rial is plastically incompressible, then the updated stress is obtained by
merely scaling down the magnitude of the trial stress deviator, keeping the
trial pressure as the final pressure. As explained below, this so-called
“Prandtl” solution implicitly corresponds to a nonassociative flow rule. Fur-
thermore, such an approach is grossly inappropriate for porous materials
because porous materials exhibit large amounts of plastic volume change.

Unfortunately, if the plastic strain rate is allowed to have an isotropic part,
correctly accounting for the pressure dependence is quite complicated. This
appendix shows how the choice of distortional and volumetric stress measures
can have profound impact on the solution scheme. This appendix closes with a
detailed algorithm for updating the stress for any plastic strain direction.

Mathematical/geometrical preliminaries. To begin the discussion of pressure
sensitive Von Mises yield models, it is useful to demonstrate that breaking up
a tensor into its isotropic and deviatoric parts is a lot like decomposing an
ordinary vector into its parts that are parallel and perpendicular to a fixed
unit vector.

Figure 6 shows an ordinary 3D vector x decomposed into parts that are
parallel and perpendicular to a unit vector n. The part of x in the direction of
n is just

X,n, where X, = XN (178)

The part of x perpendicular to n is then simply

S = X—X,0 (179)

=

Let x, denote the magnitude of s, and let § be the unit vector in the direction
of s. Then we can write the above expression as

X = XD+ X8 (180)

In this form, x,, and x, can be viewed as the components of x with respect to
the unit base vectors, n and §, in the plane. If a physical phenomenon of

interest is occurring exclusively in the plane, it can be analyzed in two dimen-
sions rather than three dimensions.

Suppose that u is some other vector in the same plane, then it can be writ-
ten as a linear combination of the same base vectors:
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) (181)
u, =uen and Ug = ue$§ (182)
View in 3-D View in the plane
W physical space of interest. X
| S ‘
-\
S

(a) | ‘j /'

Plane perpendicular to n
(all vectors in plane have a zero inner product with n)

Figure 6. Orthogonal projection of a vector. (a) full three-dimensional view. (b) view
of the same configuration as seen from an optimal perspective where all relevant vec-
tors are in the observer’s plane and the unit vector n points to the observer’s right.

“View” in 6-D View in the subspace
stress space dev| Ofinterest.

w»

The “hyperplane” containing all deviatoric tensors.
(all tensors in the hyperplane have a zero inner product with the identity tensor)

Figure 7. Decomposition of a tensor into isotropic and deviatoric parts. (a) conceptu-
al “view” in stress space. (b) view of the same configuration as seen from an optimal
perspective where the tensor is broken up into its isotropic and deviatoric parts.

Now consider the analogous tensor operation in which a tensor is decom-
posed into its isotropic and deviatoric parts. The analogy with the ordinary
vector decomposition is seen by comparing Figures 6 and 7. A tensor is said to
be isotropic if it is proportional to the identity tensor |. Thus, the tensor |
serves as a basis for all isotropic tensors. Unfortunately, | is not a unit tensor;
its magnitude is

~
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Y = JEL = VIF13L =3
We introduce a unit tensor in the direction of L, defined
~ 1 _a,
1= “E” VEL (184)

The unit tensor i in Fig. 7 is analogous to the unit vector n in Fig. 6. The iso-
tropic part of a tensor X is defined

X'®= %tr(X); (185)
It's easily verified that this can be written
):(iso =X i . where X, =X :l (186)

We use the subscript “p” because, for tensors, the isotropic part is often related
in some way to pressure. Recall that the double dot product for tensors is anal-
ogous to the single dot product for ordinary vectors. Hence Eq. (186) is analo-
gous to Eg. (178). Finding the isotropic part of a tensor is exactly like
orthogonally projecting a vector to its part parallel to a given unit vector. The
isotropic part of a tensor is the part of the tensor that is “parallel” to the iden-
tity tensor!

The “deviatoric” part of a tensor X is defined

'~

dev iso

2

1]
WX
WX

(187)

This equationcjg/ analogous to Eq. (179). We now introduce a unit tensor in the
direction of X

dev

X

Nd
bl

If we denote the magnitude of ):(dev by )~(S, then the tensor X can be written

i
~

) >
I}

(188)

X=X, 1+ X8 (189)

~

This equation is analogous to Eq. (180). Note that the tensors | and S form a
basis for a two-dimensional subspace of nine-dimensional tensor space. This
subspace is analogous to the plane containing the vectors n and § in Fig. 6.
Any tensor U in this subspace can be written in the form

Y =Upl+Usg (190)
where

U =U:] = Ltr(U)] d U.=u:s = [[u®

p_z';!,_fgr(:): an S_z'§_||z || (191)

These equations are analogous to Egs. (181) and (182).
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Note that pr can be regarded as a function of U. Likewise QS is also a
function of U. Later on, we will need to know the derivatives of U, and Us
with respect to Y . In component form, note that

Uy = 2(Up+Up+Ug) (192)
Consequently,
if 1#]
oUy P J

- _ 1
U, Dl if i=j 750ii (193)
iji Op

In direct notation, we write this as

du -

P -1 =

qu ﬁ; 1 (194)
Similarly, it is straightforward to show that

dus _ ¢ 195

ag - ass)

Application to the stresstensor. The decomposition of the stress tensor g
into deviatoric and isotropic parts is conventionally written
g=-pl+ S (196)

where p———tro is the compressive pressure and $ is the stress deviator.
Applying Eqs (190) and (191) with U replaced by g gives

g = Gp!, +0,S (197)

where
o= L -
op =g:) = tr(g)) J3p,and
~ d

os=g:s = g = |l (199
As before,

% _ g 2% ¢ 199

g 1 an ag - S (199)

Pressure-dependent Von Misesyield functions. (For plasticity applications
involving a pressure-dependent Von Mises yield model, most of the tensors of
interest will lie in the “plane” formed by the identity tensor and the stress
deviator. Rather than explicitly giving a yield function, f(g), most people
define a stress state to be below yield if a measure of the shear stress is less
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than some critical value that depends on pressure. Unfortunately, there are
several different measures of the shear stress in common use. Likewise, there
are various definitions for the pressure. To make the upcoming analysis useful
to the largest audience of readers, we will define “engineering” stress mea-
sures:

25 =Yp0p = —3Y,p (200)
Zs=Ys0s = Vg9 (201)

The scalar constants y, and y, are selected by the analyst to correspond to
their preferred measures of shear and isotropic stresses. Typical/convenient
choices for the deviatoric stress coefficient are

1

if Yg = :-/—_é then ZS is the so-called effective shear stress (202)
if yg = @ then ZS is the effective (uniaxial) stress. (203)
if Yy = 1 then X is the “isomorphic” shear stress, Oy = ||§|| (204)

Typical/convenient choices for the isotropic stress coefficient are

if yIO = —%3 then Zp is the conventional pressure P (positive in compression) (205)

if yp = —}—3 then Zp is the tensile pressure (positive in tension) (206)

H - H 1 HPS 1 —_— -A —_— 1

ify, = 1 then Zp is the “isomorphic” pressure, 0, = g:l = :-/_-étl’(g) (207)
Recall that the stress tensor can be written

g =0yl +0sg (208)
In this form, | and s are like an orthonormal basis for the hyperplane con-

taining g and L. Usmg the stress measures of Egs. (201) and (200), the stress
can be written

_ Zp
~ yp
In this form, {Z, %} can be regarded as coefficients of the stress tensor with
respect to the orthogonal but not normalized basis 7Y, and s/ys There is
nothing wrong with this per se. However, as discussed below, engineering
stress measures for which yp#1 and/or y, # 1 basically distort your 2D visu-
alizations of stress space — V|suaI|zat|ons plotted as > vs. 2, will not be rep-
resentative of what's really happening in 6-D stress space For example, if the
yield surface is a perfect sphere in 6-D stress space, then it will be an ellipse in

the % vs. 2, plane if Yp# Vs The 6D spherical yield surface would at least be
a C|rcle in the Z Vs 2, plane if y, and yg are equal, but it will have not have

Q)

+ s S (209)
Vs ®
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the same radius as the 6D sphere unless Yp = Vs = 1. The only way to accu-
rately depict stress space in a 2D plot is to use the isomorphic stress measures
corresponding to Yp = Vs = 1. Any other values of Yo and y, result in rather
ugly corrections in the key equations, as we shall demonstrate below.

Recall that the yield function f(g) generally depends on the full stress ten-
sor. Pressure-dependent Von Mises yield models are greatly simplified because
the yield function depends only on the pressure and the magnitude of the
stress deviator. In other words, there exists a function g(Z, Zp) such that

f(g) = 9(% Zp) (210)

In the pie-plane”, the yield surface is a circle whose radius depends on the
pressure. The expression g(ZS,Zp) = 0 implicitly defines a yield curve in
which the deviatoric stress measure % is a function of isotropic stress mea-
sure Z . Inan explicit relationship, >, = G(Zp), is known then a correspond-
ing implicit function is constructed by g(Z, Zp) = ZS—G(Zp).

A natural way to visualize the yield surface is to show the yield curve in
the “Rendulic” plane where Z is plotted against 2. When doing this, how-
ever, it is important to realize that the yield surface in the Rendulic (% vs. Zp)
plane will not have the same size and shape as the yield surface in stress space
unless isomorphic stress measures are used. The yield surface in the Rendulic
plane will have the same shape as the yield surface in stress space if and only
if Yp = V- It will have the same size only if Yp = Vs = 1.As shown in Fig. 8, if
the analyst chooses Yp# Vs, then the Rendulic yield surface will be a distorted
representation of the true yield surface, and vectors that were normal to the iso-
morphic yield surface will not be normal to the yield surface in the engineering
stress plane! This is why we highly recommend using isomorphic stress mea-
sures to visualize the yield curve.

engineering

Figure 8. The yield surface in the Rendulic plane. Both  curves are plots of
9(Z,, Z,) = 0. The larger yield surface corresponds to isomorphic stress measures and
would be the most geometrically accurate representation of the actual yield surface in
stress space. The smaller yield surface corresponds to using the tensile pressure and
the magnitude of the stress deviator as the stress measures. This choice distorts the
yield surface so that the “normals” are no longer perpendicular to the yield surface.

*s0 named because it looks like a piece of pie. It is often written and mt-plane or pi-plane.
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To apply return methods to a pressure-dependent Von Mises yield surface,
we need the gradient of the yield function f(g) with respect to stress. Apply-
ing the chain rule to Eq. (210) gives

df(g)  dz,  ds

S S

§ = dg = g,sdg + g""@’ (2112)
where
09(2,, 2
955592—(——5——92 and (212a)
S
99(2, 3,)
9p=35— (212b)
P 0z,
Using Eq. (199) in Egs. (201) and (200) shows that
9% _ /& and 213
dg =Ysg an (213a)
2y oy 213b
dg Yol (213Db)
Therefore, the normal to the yield surface in stress space is
B = Vp Qpl +Vs 9§ (219

When viewed as a vector in stress space, we note that B is contained in the
hyperplane formed by the unit tensors | and S. The components of B in that
stress hyperplane are {(y g IO) (Ys9 ¢} - Note that the normal to the y|eId sur-
face in the Rendulic plane is a two-dimensional vector with components
{ 9p g4 - Hence, the normal to the Rendulic yield surface is isomorphic to
the normal in stress space only if Yp = ¥s = 1. This is a principal argument in
favor of using the isomorphic stress measures. We are presenting the analysis
for general values of Yo and y, only so that existing models that use more con-
ventional stress measures can be easily implemented.

The radial return algorithm requires a return direction tensor. Recall that
the return direction in stress space must be parallel to

,QE

Tl

M. (215)

where M is the (known) direction of the plastic strain rate. For the following
discussion, we presume that M has no component perpendicular to the Ren-
dulic plane; in other words, we assume that M can be expressed as a linear
combination of | and S:

M = M1+ Mg (216)
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If the elastic stiffness is isotropic, Eq. (215) becomes

A=EM = (3KM,)] +(2GM{)S (217)

where K is the bulk modulus and G is the shear modulus. Factoring out the
bulk modulus, the return direction can be written

A = 3K[M, |+ N MS] (218)
where
_2G _1-2v
n= 3K~ 1+v (219)

Here, v is Poisson’s ratio. Recall that only the direction of A matters — any
scalar multiple of the projection direction is inconsequential. Thus, the factor
3K in Eg. (218) has no influence, and the projection direction may be replaced
without loss in generality by

A = Mpl+nMS§ (220)

~

Comparing Egs. (216) and (220)
shows that the projection direction
will not be aligned with the plastic
strain rate except in the exceptional
case of v=0. Excluding negative Pois-

son’s ratios, n will lie in the range  frigure9. Return directions for associa-

(0, 1], so the projection direction will  tivity with Poisson’s ratio = 1/3. The re-
turn direction is oblique to the yield sur-

generally have a shallower slope in face even though the plastic strain rate
the Rendulic plane than the plastic IS normalto the yield surface!

strain rate. If, for example, Poisson’s

ratio equals 1/3, then n = 1/4 and (when drawn in the isomorphic Rendulic
plane) the slope of the return direction will be 1/4 that of the plastic strain
rate. For an associative flow rule, the plastic strain rate is normal to the yield
surface, and the above result shows that the return direction must then be
oblique to the yield surface, as sketched in Fig. 9.

Though often applied without physical justification, modern plasticity
codes often use a “Prandtl” return direction to project the trial stress back to
the yield surface. With this approach, the magnitude of the stress deviator is
reduced enough to place the stress on the yield surface. Hence, the Prandtl
rule corresponds to a projection direction A that is aligned with $. Referring
to Eq. (216), this implies that M, =0.1In other words, the Prandtl return
direction corresponds to a purely deviatoric plastic strain rate. Hence, for iso-
tropic materials with a Von Mises yield criterion, a Prandtl return direction
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holds if and only if the material plastically incompressible. The Prandtl return
direction seems nominally applicable to materials having the properties that
(1) the elastic response is isotropic, (2) the yield stress varies with pressure
and (3) the material is plastically incompressible. A Prandtl return direction
would be highly inappropriate for porous metals or any other material that
exhibits non-negligible amounts of irreversible permanent volume change.

These preliminary discussions have revealed how complicated and subtle
pressure-sensitivity can be. We now proceed to an algorithm for returning the
stress to the yield surface along the proper return direction for any plastic
strain rate direction. Such algorithms typically require the stress at the begin-
ning of the step and the total rate (assumed constant throughout the step).
The algorithm computes the trial elastic stress and then returns it to the yield
surface to obtain the final updated stress at the end of the step. The algorithm
also outputs the plastic strain rate and updates the scalar measures of the
plastic strain rate. The “plastic segment” is a scalar measure of the total accu-
mulated plastic strain and is defined to be the integral over time of the magni-
tude of the plastic strain rate tensor. Thus, since the plastic strain rate
direction M is a unit tensor, the plastic segment is defined:

t t
A= J’)\dt = I||gp||dt (221)
0 0

Recall that a principal advantage of return algorithms is that they do not
require an explicit determination of what fraction of the time step is plastic.
However, computing the increment in A can be tricky A is zero during elastic
intervals. Referring the governing equations on page 10, we note that the only
equation that holds over both intervals is g = E:ge. Therefore, once the stress
is updated via return methods, the total stress Tate can be computed via stan-
dard finite difference and the plastic strain rate tensor may be approximated

by

L1.5. (222)

um
e
I
um
I
um -
D
I
um
I
wfT]

This formula may be substituted into Eq. (221) to update the plastic segment.
This formula may also be used to compute another popular scalar measure of
plastic strain is the so-called equivalent plastic strain, defined

t
g, = I P gP'dt, where gP' is the deviatoric part of gP. (223)
0
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Solution algorithm for arbitrary plastic strain directions. In this section, we
provide a general procedure for projecting the stress back to the yield surface
for isotropic elasticity a pressure-dependent Von Mises yield surface with a
(permissibly) nonassociative flow rule. The method presented here includes
crude corrections for yield surface curvature.

INPUT:

* Yoo the constant from Eq. (200) for the preferred isotropic stress measure.

= Y., the constant from Eq. (201) for the preferred deviatoric stress
measure.
= At, the time step

- g , the deviatoric part of the total strain rate tensor.

= ¢,, the trace of the total strain rate tensor

= K, the elastic tangent bulk modulus
e G, the elastic tangent shear modulus
= \%d the old value of the plastic segment.

- sg'd, the equivalent plastic shear strain at the beginning of the step.

= A routine that will evaluate the yield function g(o,, op)
= Routines that will evaluate the yield function derivatives

_99(05,9,) _99(05,0,)

9p=aop and 9s 00

S

= Aroutine that will provide the unit tensor M in the direction of the plastic
strain rate. This is not needed if an associative flow rule is desired.

= $old, stress deviator at the beginning of the time step.

p9d, conventional pressure (—%trg) at the beginning of the step.

OUTPUT:

= S"W, stress deviator at the end of the time step.

e p"™ conventional pressure (—%trg) at the end of the step.
AV the value of the plastic segment. at the end of the step

e, the equivalent plastic strain at the end of the step.

£P, the plastic strain rate.
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ALGORITHM:
sTEP 1.Apply Eg. (200) to compute 694 = _ﬁyppold_

Vsl g2

sTEP 2.Apply Eq. (201) to compute o2
STEP 3.Compute the trial stress deviator:

gtid = gold + 2G(g'At) (224)
STEP 4.Compute the trial pressure:

ptrid = pold _ KévAt (225)

sTEP 5.Apply Eg. (200) to compute affid = —/3y  ptid,

STEP 6.Compute [|gUd|| = Jstia:guia

sTEP 7.Apply Eq. (201) to compute olid = ys||§“ia'||.

sTeP 8.Call the yield function to compute g = g(old, oliid) .

sTEP 9.1f gid > 0, the step is at least partly plastic, so proceed to STEP 10.
If gtd <0 then the step is elastic, so do the following:

(i) SetgP =Q
(ii) Set §neN = §trial

(iii) Set pnew = ptrial

(iv) Set Anew = )old
= ¢old
(v) Set aBeW = ag
(vi) Go to step 22.
R Stria
STEP 10.Compute S = ”;mal” . This will be taken as the final stress deviator

~

direction. The remainder of this algorithm applies oblique return
methods in the Rendulic plane to put the stress back on the yield
surface.

STEP 11.Set glest = gtid
test = trial
Set Op 0,
test — trial
Set 0™ = oJ'?.

STEP 12.Compute the yield surface derivatives at the test stress

95 = 9405 05%)
g™ = gos, og™)
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STEP 13.Approximate the isomorphic components of B by applying Eqg.
(214) at the test stress. Specifically,
o - test
Set By = Yp9.5 and
Set Bs = yg'§¥.

STEP 14.For an associative flow rule, set I\N/Ip = ép and I\~/IS = és. For a
nonassociative flow rule, call the appropriate routine to compute the

direction of the plastic strain rate. In other words, compute I\N/IIO and M
sothat M = h7|p 1+ |\~/|5é . In this algorithm, it is not necessary for you to
force M to be a unit tensor. It is also not necessary to store the actual

tensor for M — only the Rendulic components are needed.

2G

STEP 15.Compute n = 3K

STEP 16.Apply Eq. (220) to obtain the |somorph|c components of the

projection direction: Ap = Mp and As = r|MS Mathematically, the

projection direction can be harmlessly multiplied by any scalar without
affecting the solution. For numerical reasons, the components of the
projection direction should be scaled so that they are on the order of
stress. One way to do this would be to multiply both projection direction
components by

J(Géa)z + (olest)2

(Ap)? +(As)

STEP 17.We know that the desired stress is a projection of the test stress
back to the yield surface. Thus we know that

= o +BAp and

O, = O+ BA

Written in terms of the analyst’s preferred stress measures, we know

that
— gtest A

O, = o>+ BVpAp and

O, = ol + By As

We seek the value of 3 such that g(c;IO (B), 05(B)) = 0. We shall

iteratively solve this using a slight variation on Newton’s method that is
expected to give better results near regions of high curvature on the
yield surface. Apply Newton’s method starting with 3 = 0, to compute
an improved estimate:

~

Op
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gtest
9V pAp + 9TV As
One advantage of this formulation is that no additional function calls
are needed to improve the estimate for 3.

Bnext —

STEP 18.Compute the improved estimates for the test stress by replacing

test - — ytest 4 pNexty A
Op~ @ = 0™+ B ypAp

STEP 19.The projection direction has already been scaled to be on the order

of stress. Test for convergence by checking whether "t s sufficiently
tiny in comparison to one. If so, go to STEP 20. If not, compute

g’ = g(ol™d, olid) and loop back to STEP 12

STEP 20.At this point, the stress measures have been updated. Compute the
final updated pressure and stress deviator by

O—teﬂ
pna/v - p
— 3yp
otest .
gnew = _S_§
Ys

STEP 21.Now finish up by computing the other promised outputs. Recall
that g¢ = %—1:9 and gP = g—g®. The deviatoric plastic strain rate is

new _ gold
gp’:g’ iE§ = [

x 260 At O
Compute the volumetric plastic strain rate by gP = £ —£°

new _ nol trial _ phew
ep = g, — LR P 1rpta - ptoy
KO At 0O KO At O
Update the distortional plastic strain by
— Id oD’ p!
e = et 7P

Update the total equivalent plastic strain by

— D!’ aD! 1.
Anew = Nold 4 [(gpr:gpr) + 162,

STEP 22.Stop.
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ABSTRACT: Return algorithms are probably the most popular means of numerically solving conven-
tional plasticity equations. The basic tenets of these techniques are here rigorously justified and
interpreted geometrically in 6D stress space. For any return algorithm, the first step is to tentatively
assume elastic behavior throughout a given time step. If the resulting “trial” stress is forbidden (i.e. if
it violates the yield condition), then the tentative assumption of elastic response is rejected. Even
when it is found to violate the yield condition, the trial stress is nevertheless useful because it can
then be projected back to the plastic yield surface to give the updated stress. The return algorithm is
called “normal” or “orthogonal” if the trial stress is projected directly to the nearest point on the yield
surface. The return method is called “radial” or “Prandtl” when the projection is accomplished by
reducing the magnitude of the trial stress deviator. Return algorithms are often wrongly regarded as
numerical “tricks” because they appear to be ad hoc means of keeping the stress on the yield surface.
It is natural to inquire whether other approaches might be more accurate for the same computational
cost, but it is shown here that return methods are rigorously justifiable and appear to correspond to
optimal numerical accuracy and efficiency. It is shown that issues such as plastic stability, dissipa-
tion, and convexity dictate appropriate choices for the quantities that are presumed known in the der-
ivation of return algorithms; it is not the return algorithm per se that addresses such physical
concerns. It is proved that the correct return direction is dictated by the governing equations and is
not aligned with the plastic strain rate except under certain conditions. Consequently, normality of
the plastic strain rate does not necessarily correspond to normality of the return direction, and vice
versa. These claims are proved first in the context of stationary yield surfaces and then generalized to
permit hardening or softening. The technical note is intended to provide nothing more than geometri-
cal insight into known results.
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Tensors are vectors!

To a mathematician, a vector is a member of a set for which addition

and scalar multiplication satisfy certain rules.

Many familiar 3D vector concepts and theorems also apply to
tensors when regarded as 9D vectors.

3D vector operations

y = a¢ Means u; = ac;

3D inner product

3
[+ s Means Z riS;
=1

*“%

W5 s NLP:Iwww.me.unm.edu/~rmbrann/gobag.ntm

v =a+hb means v; = a; +Db;

9D tensor operations

Y =aC means U;; = aCy;

<l

9D inner product

i=1j=1

Sandia
National
Laboratories
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i Projection operations

Orthogonal . Oblique
projection ' projection

X

P
lane perpendicular to lane perpendicular to b
|  a(bex)
= x-n(n* X = x-5= =/
9 ~ ~ (~ ~) ,p,, a ° b

~ ~

Note: b defines the target plane; a defines projection direction.

A(B:X)
A:B

~ ~
~ ~

Analog for 9D tensor space: P(X) = X-

Projections are linear. . . P(a X, +0a,X,) = o, P(X,) +a,P(X,)

i@% ssoteo. NIPWWW.me.unm.edu/~rmbrann/gobag.htm| @ﬁﬁ?f‘%!m
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LEMMA

If there is a B such that
x = y+Ba, then P(x)=P(y).

X

B

Important: converse is true too!

P(X)=P(y)

Analog for tensors:

If X =Y+BA then P(X)=P(Y) and vice versa.

~
~

Corollary: P(P(X)) = P(X) (projecting twice makes no change).

fﬁ_@% Sandia
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i Nonhardening plasticity

Known:

B, gradient of yield function (B;; = 9f/0d0;;).
e, total strain rate.

E, fourth-order elastic tangent stiffness tensor.

, direction of the plastic strain rate.

RZ W

Unknown:

g, rate of stress
g€, elastic part of the strain rate
eP, plastic part of the strain rate.

A, magnitude of the plastic part of the strain rate.

- http:/www.me.unm.edu/~r mbrann/gobag.html

@
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Governing equations

£ = gt+gh strain rate decomposition
plastic strain direction is known
stress linear in elastic strain

stress stays on yield surface

Solution:
Note g¢ = g—¢gP =

N

2m -
U)
RQ
zzzz|'|'|

‘(£—AM). For convenience,

define gtd = E:¢ and A = E:M. Then g = gtfid

Enforce last equation to get B:[g'd A A] = 0. Solve for A and back

ogtrial]
substitute to get solution for stress rate: g = gtd — WA
0% - O

~ ~

iﬁiﬁ ssorao- NULP:/WWW.me.unm.edu/~rmbrann/gobag.html @ﬁﬁ?f":%!ms
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A

Slightly rearrange solution to final form:

Geometrical interpretation

= p(gtria) where P(X) = X~

Q-

Numerical solution: g = g"d + BA. Find B by f(g"d +BA) = 0.

F Sandia
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A

Discussion

The return direction is...

* coaxial with A.

* not generally normal to the yield surface.
» not generally aligned with the plastic strain rate.
 not dictated by physical considerations such as positive dissipation,

yield surface convexity, or plastic stability. (Such concerns dictate
appropriate values for “known” quantities.)

 “radial” if and only if the material is plastically incompressible.

The above analysis can be generalized ( ) to
iInclude hardening/softening. Projection of the trial stress back to the
current yield surface remains valid even though the stress rate is no
longer a projection of the trial stress rate.

Sandia
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i Equivalent plastic strain

Many constitutive models use yield surface evolution laws that
depend on the so-called “equivalent plastic strain,” which is defined

VDEI /%gp';gp'dt = @I“gp dt

The best method uses the definition directly:

| S
Ay, % £ At, or, for isotropic, Aypsﬁ £ — 5°G ‘At
For a finite time step At,
Snew_sold

e' At —
£ At 2G

2
new = ,,o0ld <
V V ¥ N/¥’>

(...better suited for partially plastic intervals.)

ZG('gAt}(
S

SOId ghew

5
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A
-3 Supplemental topic:
Invariant yield functions

Tresca:  Stress state is below yield if and only if

d
1
@ f(g) = 5max(|o; =0, [0, - 04, |03—0y|) —k <O (1)

Some authors (e.g. Fung, 1965, Lubliner 1990) wrongly claim that
an acceptable alternative Tresca yield function is

F(Q) = [(0,-0,)2-4k4[(0,-03)*- 4k [(03-0;)*~4k?]. (2)

This is intoxicating because it can be written with invariants as

(3)

FATAL FLAW: If stress is below yield, then , but converse

Is false! A return algorithm using = might wrongly think a plastic trial
stress iIs below yield. For example, 0, = 0, = 3k and o; = 0 is

correctly identified to be above yield by f(g), but not by

ﬁi% Sandia
S5 z0orse NED:/IWWW.Me.Unm.edu/~r mbrann/gobag.htm @[‘gﬁgﬂzﬁtms
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o

H - - -
' i Plot of (bad) invariant Tresca function

T
?F' r."i&
W e

Under the assumption of plane stress where o, = 0, regions where
F(g)>0 are shown in black. A valid yield function should be black

everywhere outside the yellow Tresca hexagon.
0,/ 2K

Gl/Zk
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A
- Supplemental topic: 9D vector basis

Recall that tensors are 9D vectors, so we may definea 9x 1
component array forthem: T, T,, T3, T,,T5,T5.T,,Tg,Tg =

{Tll’ T21’ T3l’ T12’ T22’T32’T13 ’T23 ’TSQ ’

3D vector basis expansion 9D tensor expansion
Y = V€1 TV, 1T V3E, L = T118181+ T10€180+ T1381€3

T 7516081 + T €56, + T3€,€5

T T840+ T3r€38,+ T33€3€5

Summation form Summation form
3 3 3 9
— = .e.e. = 0Z0
Y= Vi T=> > Tyegj= > Tk&
k=1 i=1lj=1 K=1

where T = T4, &

iﬁiﬁ 22otao- NUP:[IWWW.me.unm.edu/~rmbrann/gobag.html @ﬁﬁ?f":%!ms
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| i Subspace of symmetric tensors

Suppose that a physical problem involves a plane even if there are
some non-planar aspects of the motion (e.g., oblique impact of a
projectile onto a slab of armor). For solving the problem, any
sensible engineer would line up a basis with the plane: all base
vectors are either in the plane or normal to the plane.

The set of all symmetric tensors forms a subspace, which is
analogous to a plane. The “normal” to the plane is the set of all
skew-symmetric tensors. If you add two vectors in a plane, the result
IS also in the plane. Analogously, if you form any linear combination
of symmetric tensors, the result is also symmetric.

Yield functions are defined for stress, which is symmetric. Our
constitutive modelling problems intimately involve symmetric
tensors, so it makes sense to use a basis for tensor space such that
all base tensors are either purely symmetric or purely skew-
symmetric.

Sandia
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' Voigt vs. Mandel — Introduction

Voigt: {T}Y = {Tyy, Ty T3, T3, Ty T}
RYSY+RYSY+RYSY¥+  2(RYSY+ RYSY+RYSY)

Mandel: {T} ™ = {T;, Ty, Tag, /2T 53, /2T 51, /2T 1}
Then R'g means RS+ RIS+ RS+ RIS+ RIS+ R'ST

Q: Is the Mandel convention just a “trick” likely to bite us some day?

A: NO! Voigt components are the dangerous choice — they are
referenced to an irregular basis for symmetric tensors. Mandel
components are referenced to the same — but normalized — basis!

& L Sandia
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i Change of basis for tensors

The basis expansion of any tensor may be written

T = T1181817T 108185+ T 138185+ T 216581+ T 208,85+ T 038585+ T 318581+ T 20€38,+ T 238585

= T1)€181 %1 T(22)€28, + T(33)€383
+ T 23)(€631€38,) + Tiz)(€381 1 €183) + T(12)(€18, + €,€1)
+ T3 (€38,-€,€3) + T15(€183—€3€1) + Top (€81 —€1€))

where

1

T ij) = (T +T, ) and T = 5

STy -

] Tji)

If the tensor is symmetric, the last three terms are all zero. If the
tensor is skew-symmetric, then the first six terms are all zero and the
last three terms are the components of the axial vector.

w% Sandia
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A

Voigt sym-dev basis

I = Tun€i181+ T (22828, T(33)€383

+ T i23)(€283 1+ €385) + T(31)(€381 T €183) + T(12)(€:8,+ €,€1)
+ Tiay(€38,—€283) + Tiig(€183—€381) + Tiopy(€281—€1€))
Traditional Voigt:
Ti=T 1y, T2=T 20y, T3=T 33y, TA=T 23, T5=T 31y, -

V— V— V— V— V—
§1-C181, §77€282, §;7€383 §,=(E,637€385), §.=(C38; +€,1€3), -

For symmetric, T ;;, = Tj; and T = 0.

MAJOR DISADVANTAGE: Voigt basis is not normalized!

i@? ssarse. MED: MWW, me.unm.edu/~rmbrann/gobag.htm @ﬁg?ﬂiﬁa'
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A

Voigt basis is not normalized

Consider the inner product:

q 0 a0 ° . 9 9
— V TV VIV = VQV(EV TV
R:S DE RKSK%EJ SJEJE E 2 Rk S3(Ey :€Y)

I:J<:1 =1 K=1J=1

The Voigt basis is orthogonal:
VEV = 0|
SK '53 OIfKzJ.

The first three Voigt base tensors are normalized:
g\lfzgz =1, §\2’:§\2' = 1, and §;’:§g’ = 1, but the remaining base tensors

are not normalized. They all have a magnitude of /2. Thus

2 = RYSY + RYSY + RYSY + 2(RYSY) + 2(RYSY) + ...

Laboratories
/home/rmbrann/Teach/MtlM odel s/Radial Return/plas2000vug
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MANDEL basis

Obvious thing to do ... normalize the basis.

s

<

Mandel basis: §E =

s

AN <

TO=T 11y, TR=T 0y TP=T 33y, TP=42T 23y, TD=2T gy, -

+ +
21 SR 5y TE2R2r 53 TESRe 5y J2 ' 35 J2 ,
0 9
Then T = Z TRET, and EM:EM = &5 and RS = Z
K=1 -

With this orthonormal Mandel basis, the tensor inner product takes a
form that is a direct analog of the ordinary 3D vector inner product

5
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|
- i Mandel basis for symmetric tensors

The Mandel basis for 9D full tensor space is

51 - ngl! 52 — §2§21 §3 — Qggg
~ Lioe s _ L S,

54 - TZ(QZQS §3Q2)1 55 - Tz(gggl ngg)’ 56 - Tz(glgz ngl)
_ 1 _ 1 _ 1

57 - TZ(QSQZ_QZQS), 58 - Tz(glgg_gggl)’ 59 - 72(62gl eleZ)

The basis is orthogonal because £.8,=0 If K#J. The basis is

~
~

normalized (i.e., PR 3, ;) because of the factors of ./2.

Just as an ordinary vector has components v, = v+ g¢,, the Mandel

components of a tensor T are Ty = T:g .

ﬁi% Sandia
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- Related topic: isomorphic stress space

Stress: g

Mean stress: p = %trg = %;:g (positive in tension)
Stress deviator: § = g—p]
Magnitude of the stress deviator: 1 = S'S
Unit tensor in the direction of §: §= = = —2— = 2
nit tensor in the direction of S: z_@ = E ==

Then g = 15+ pl.

We now show that non-intuitive factors appear because the identity
1 is not a unit tensor. Specificially, ||| = ,/L:1 = /3.

ﬁi@% Sandia
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i Motivational example

A popular simplified yield criterion assumes that the yield function
depends only on t and p. F(g) = f(t, p). The yield surface defined

by F(g) = 0 is a hypercylinder in stress space — it is a surface of
revolution about the isotropic axis.

[q_ af(é) of i 0

Gradient of yield: B = ap EBﬂ

Let gt = 1'S + p!] denote a trial elastic stress.

Let g" = r”§ + p"] denote the new updated stress on the yield

surface obtained by returning to the nearest point on the yield surace
In stress space (which does not necessarily mean that the plastic
strain rate is normal to the yield surface).

Sandia
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i Normal projection (cont’'d)

Return to nearest point on yield surface [J there’s a scalar § such

that

gt-gt= BB, or (t'-§+(pt—pM] = BELLS) + ST
t—t" _ 2apof/otg I |

Therefore D pn Bﬂa“f/apﬂ' ¢ (pt 1Y

"
:' trial stress

U
|
!

¢ (p", ")

correxanswer

Thus, to project normal to the yield
surface in stress space, you must project
using a slope 3 times steeper than the
normal in T vs. p space. The problem is \
that the stress measures 1 and p are not isomorphic to stress space.
Viewed differently, the base tengors § and | are orthogonal, but not

wrong answer

normalized. We should use | = % = —[15; with an appropriately
modified measure of mean stre@. Namely, p = /3p.
Fand

Sandia
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i Rendulic plane

The Rendulic plane plots a “shear stress” versus a “mean stress.”

Engineer’s choice S e eyt

1 z vs. r plane.
BN ~ '
' A\

“shear stress:” 1 = /S:S, and

‘mean stress:” p = %trg. Theng = S+ pl.

Problem: This 1 vs. p space isn’t
Isomorphic to stress space. For example,

g:g # 1%+ p2. Importantly, the normal to the

yield surface in T vs. p space is not normal
to the yield surface in stress space.

engineering

Mathematician’s choice: “shear stress” 1 = [S:S = g:S

“mean stress” p = Lirg

/\/é X

normalized identity l IS like the &, cylindrical base vector.
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i Supplemental Topic:

Anisotropic yield surfaces

For elastically anisotropic material, a very common “first-cut” best
guess at the plastic yield surface is a Tsai-Wu ellipsoid of the form

f (Q') - (Q' — Q'D) L (Q' — Q'D) — 1, (contrary to Walker's recent claims, this form is perfectly capable
= -7 g~ 7 of modelling even highly anisotropic media.)

where L shares the same anisotropy with the stiffness E.

Elastic constants may be nondestructively measured, but the yield
Lij Parameters are more difficult since a fresh sample must be

used to measure each component. Thus, data are often lacking.

Proposal: Face with a dearth of data, assume that E and L have
the same eigenprojectors, a term which we now define...

Sandia
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' What are eigenprojectors?

To illustrate, consider simpler 3D space. Here’s a sample tensor

1722 M =9 v=i{123
[A]l = |—2 14 -4/, Which has eigenpairs A, = 18 v,=+{-2,0,1
—2 -4 14 Ay =18 yy;=—{-2,5-4
L ll 3.5

In spectral form, A = AV,V; + A5V, + AgV3Vs,

B, P, < unique!

With respect to the principal basis,

90 0] 100 000
A=lo18 0, B =l|ooo,and B, =1010
00 18 000 001
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i What are eigentensors?

We seek tensors Y and scalars A such that E:Y = AY. The major

and minor symmetries of E allow this to be written as an ordinary

6 x 6 matrix eigenproblem:

Ein Brxm  Brss V2E1103 VB3 VB0 Y Y1

Exi1 Exmp  Eposs 72Epys /2Egpgy /2B | Y22 Y22

Easst  Eswe  Easss “Esgos 7Egger (Eggp| Y38 | \ Va3
Ega1 2Epap 2Epzes 2Eggps 2Egmm 2Egyp |77 23 V23
Esy11 /2Ea120 /2Ez133 2Eapps 2Egyz  2Egy |74V 31 Va1
Eiptr 7Eimp 7Eipes “Eqgpy ZEpgy “Epppp |17Vl [V

An eigensolver will output a set of six orthonormal 6-dimensional
eigenvectors. Each of these correspond to symmetric eigentensors.

: vi\% Sandia
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- i If A has multiplicity of 1, then Py;,, = Y;;Y, Is the

corresponding eigenprojector. When it operates on any
tensor, the result is the part of that tensor in the direction of Y;.

EXAMPLE: For isotropy, 3K is an eigenvalue of multiplicity 1. The

norrmalized eigentensor is 1/./3. The projector is 355, which

merely returns the isotropic part of any tensor it operates on.

If A has multiplicity of 2, then the eigentensors Y (1) and Y (2) are not

unique. Instead, the eigenprojector, Py, = YYD + YDy is

unigue. When it operates on an arbitrary tensor, the result is the part
of the tensor in the subspace. Higher multiplicities are similar.

EXAMPLE: For isotropy, 2G is an eigenvalue of multiplicity 5. The
eigenprojector (constructed by summing dyads of the five
orthonormalized eigenprojectors) returns the deviator of any tensor it
operates on. Thus, ANY DEVIATORIC TENSOR is an eigentensor
for isotropy.
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i Back to anisotropic yield...

Recall f(g) = (g—gD):L(

2Q

—g) -1. If the material is transverse, the

Mandel eigenproblem is of the form

EqE,E; 0 0 0| Yu Y1

E,EqE; 0 0 0] Y22 Y2

E3E3E; 0 0 Of| Va3 | _ N Va3

0 0 0 E, O O|/2Yy3 Y| Where

0 0 0 0 EgO0f[./2Yy Y| FE1 7 Esszsr Bz = Eqigor B3 = Eyygss
0.0 0 0 0Eg) v, Yoo Fa = 2Bogzs Bs = 2Bi015, By = Byt By

There are five independent stiffnesses, but only four independent
eigenvalues (and therefore only four independent eigenprojectors).
Forcing L o have the same eigenprojectors gives a formula for the
elusive L,,4; vValue that couples lateral and axial response.
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Conclusions

This presentation covered many applications that illustrate the
usefulness of regarding tensors as higher-dimensional vectors.

Key points were

 For radial and oblique return models, the stress may be returned to
the yield surface via a projection operation that is analogous to
projecting a simple vector onto a plane.

o Symmetric tensors are analogous to planes. The Mandel convention
for symmetric tensor components correspond to an orthonormal
basis for symmetric tensors.

* The invariant form of the Tresca yield criterion is invalid because
negative values of that “yield function” do not necessarily
correspond to stresses that are below yield.

» The isomorphic stress measures are a more accurate representation
of stress space that is analogous to viewing the stress “vector” in the
“plane” formed by the isotropic tensor and the stress itself.

» Anisotropic yield may be coupled to elastic isotropy via the elastic
eigenprojectors.
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